BO GIAO DUC VA PAO TAO

GIAITICH
12:cn

£ | - iy
-—rw -

NHA XUAT BAN GIAO DUC VIETNAM = | =
baitap365.com

T e e




BO GIAO DUC VA DAO TAO

POAN QUYNH (Téng Chii bitn) - NGUYEN HUY DOAN (Chil bien)
TRAN PHUONG DUNG - NGUYEN XUAN LIEM - BANG HUNG THANG

GIAI TICH

NANG CAO

(Tdai ban lan thit muoi hai)

NHA XUAT BAN GIAO DUC VIET NAM

Hiy bdo qudn, giir gin sdch gido khoa dé danh tdng cho cdc em hoc sinh lop sau !

baitap365.com



KI HIEU DUNG TRONG SACH :

Hn| Cau hoi hoidc hoat dong thir n trong

bai hoc.

O Két thic chirng minh mét dinh i,
hé qua, vi du.

Ban quyén thudéc Nha xuét ban Gido duc Viét Nam — Bé Gido duc va Dao tao

01-2020/CXBIPH/760-869/GD Mai s6 : NH201TO

baitap365.com



NG OUNE BA0 HAM BE KHAO SAT
Chuong VA VE B0 THI CUA HAM SO

NE DUNG BAO HAM BE KHAD SAT VA VE B0 THI CUA HAM S(

Trong chuong nay, chang ta ing dung dao
ham va gidi han d€ xét mét s8 tinh chét quan
trong clia ham s& va dé thi nhu ; tinh don diéu,
cuc tri, gia tri 18n nhét, gia tri nhé nhét clia ham
s® va cac dudng tiém can cha dd thi ; tir db
khao sét sur bi&n thién va vé dé thi clia ham s6.
Hoc sinh ¢an ¢6 ki n&ng thanh thao khi xét cac
tinh chit d& néu clia mdt ham s8 cho trudc
cling nhu khao sat sur bién thién va vé dé thi
clia mdt s& ham s8 don gian.
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TINH PON PIEU CUA HAM G

Trong bai niy ta s€ ting dung dao him dé xét tinh don diéu (tic 13 tinh déng
hién va tinh nghich bién) cuia ham s6.

Truéc hét ta nhac lai dinh nghia him s6 déng bi€n va him s6 nghich bién
trong sich gido khoa Dai s6 10 ning cao.

Gia st K 1a mot khoang, mét doan hoac mot nira khoang va f 14 ham s6 xac
dinh trén K.

Ham s6 f duoc goila dong bién trén K néu
Vi, x eK, xy <xy = f(x)) < f(x) ;

Ham s6 f duoc goila nghich bién trén K néu
Vi, x €K, xy <xy = f(x) > f(x,).

N6i mét cach khac, n€u ham sé f xac dinh trén K thi

Ham s6 f dong bi€n trén K khi va chi khi véi x tuy v thude K, ta ¢6
Jx+ Ax) = f(x)

e
Ham s6 f nghich bién trén K khi va chi khi v6i x tuy ¥ thudc K, ta cé

Jx= Ax) = flx)
Ax

>0véimoi Ax # 0 ma x+ Ax € K.

<0véimoi Ax # 0 ma x+ Ax € K.
Tir d6, ngudi ta chiing minh duoc diéu sau day :

Gia st ham s6 f c6 dao ham trén khoang 7.

a) Néu ham s6 f déng bién trén khoang I thi f'(x) = 0 véi moi
xe L

b) Néu ham s6 f nghich bién trén khoang I thi f'(x) <0 véi

moi x € 1.

Dao lai, ¢6 thé chitng minh duroce :
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DINH LI

Gia sir ham s6 f c6 dao ham trén khoang 1.

a) Néu f'(x) >0 véi moi x € I thi hAim s6 f déng bién trén
khoang I.
b) Néu f'(x) <0 véimoi x € I thi ham s6 f nghich bi€n trén
khoang I.
c) Néu f'(x) =0 véimoi x € I thi hAim s& f khéng déi trén
khoang I.

Dinh Ii trén cho ta mot diéu kién di dé ham sé don diéu trén mot khoang.

CHU Y
Khoang I trong dinh 1i trén ¢6 thé duoc thay bdi mot doan hoac

mot nira khoang. Khi dé phai b6 sung gia thiét "Ham s6 lién tuc
trén doan hoac nira khoang d6". Chang han :

Néu ham s6 f lién tuc trén doan [a ; b] va c¢b dao ham f'(x) > O trén
khoang (a ; b) thi hAm s6 f déng bién trén doan [a ; b].
Ngudi ta thudong dién dat khang dinh nay qua bang bién thién nhw sau :

X a b

f(x) T

fF(b)
PO fa

Vi du 1. Chimg minh rang ham s6 f(x) = ¥l — ¥ nghich bién trén doan [0; 1].

Giai

Dé thdy ham s6 da cho lién tuc trén doan [0 ; 1]. Ngoaira, f'(x) = ;l <0
l - x

vaimoi x € (0 ; 1). Do d6 ham s6 nghich bién trén doan [0 ; 1]. O

e Viéc tim cdc khoang déng bi€n va nghich bi€n ctia moét ham s6 con duge néi
gon 12 xét chiéu bién thién cia ham s6 db.

Qua dinh 1i da néu, ta thidy viéc xét chiéu bi€n thién cia moét ham s6 ¢6 dao
~ - o g A * . - a ~ P #
ham c6 thé chuyén vé viéc xét dau dao ham cua né.
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Vi du 2. Xét chiéu bién thién ctia him s6

_},!: X + =
X

Gidi

Ham s6 da cho x4c dinh trén tdp hop R\ {0}.

yi=l ek,

Chiéu bién thién clia him s6 duoc néu trong bang sau :

X —o0 =) 2 +00

y + 0 — +

0
- 0
/ - \ /
A
Vay ham s6 déng bién trén méi khoang (-0 ; —2) va (2 ; +), nghich bié€n
trén moi khoang (-2 ; 0) va (0;2).

Yt

H1| Xét chiéu bién thién ciia ham s6

1 3
y= 5.1'3 = 5.1'2 S5 s ]

Vi du 3. Xét chiéu bién thién ctia hAm s6

Gridi
Ham s6 da cho x4c dinh trén R.

Tacéd y' = 4x> —4x+1 = 2x - 1)%.
. | |

=0 vai ,1'25 va y' > 0 v&i moi x;ti-

o
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Bang bién thién :

¢ | —eo 5 +on
y + 0 +

17
y /, 6

Theo chii ¥ sau dinh 1i, him s6 d3 cho déng bi€én trén moéi nira khodng

[—co ; %} va [% ; + OO) . Tir d6 suy ra ham s6 dong bién trén R.

Nhdn xét. Qua vi du 3, ta thiy c6 thé md rong dinh 1i da néu nhr sau :
Gia sir ham s6 f ¢6 dao ham trén khoang I. Néu f'(x) = 0 v6i moix € I (hoac
f'(x) <0 véimoi x € I) va f'(x) = 0 chi tai moét s6 hitu han diém cna I thi

ham s6 f déng bién (hoac nghich bién) trén 1.

H2| Xét chiéu bién thién cta ham s6

10 7
y= Pod e Sty e
: 3
~ P m u o ~
Cau hoi va bai tap
Xét chiéu bién thién cta cdc ham sé sau :
a)y=2x3+3_t'2+1; b)y=,1'3—2,r2+,r+l;
3 2
c)y=x+—; d)y=x—-—:
X b
e)yzhr'fi—Q,r?—S; fly= —
Chitng minh rang
“ " X == 2 = A S e 3 # . 7 =
a) Himso y = ] dong bién trén moi khoang xac dinh cua no6 ;
X
2 ,
9 5 —x"—2x+3 ; B e ‘ P i Sy
b) Him s6 y = 1 nghich bién trén moéi khoang xac dinh cua né.
X
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3. Chirng minh rang cdc ham s6 sau day dong bién trén R :
i 2 we 3
a)x) = x % 0x #1llx+ 4 ; b) fx)=x = x—~cagx=4,
4. V6igia trindo cia a hAim s6 y = ax — x° nghich bién trén R ?
5. Tim cic gid tri cta tham s6 a dé ham s6

1
filix) = Exs vax? + 4x+3

déng bién trén R.

Luyén tap

6. Xét chiéu bién thién ctia ciAc ham s6 sau :

a) y= %,1‘3 IR Ll § b) y= —%J{j +6x2 — 9x —% :
2_
C)y:x 8,r+9; s 2.1‘—12;
xX—35
e)y=\/x2—2,v+3; f)y= 1 — 2x.
x+ 1

7. Ching minh rang him so
fix)=cosZx=2x%+.3

nghich bién trén R.
8. Chitng minh cic bat dang thirc sau :
a) sinx < x v&imoix >0,

sinx > x véimoi x <0 ;

Huong dan. Chitng minh ham s6 f(x) = x — sinx déng bién trén nira khoang

n
0:.2)
2

X . _
b) cosx > 1 - 5 véimoix#0 ;
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c) sinx > x — ? véi moi x > 0,
1‘3
sinx < x — ? véi moi x < 0.

9. Chitng minh rang
; i : m
sinx +tanx > 2x véimoi x € | 0 ; 5 )

Huéng dan

Chitng minh him s6 f(x) = sinx + tanx — 2x déng bi€n trén nira khoang

g

10. S6 dan ctua mét thi trdn sau ¢ nam ké tir nam 1970 duoe wéc tinh boi
cong thirc

Fiy = 26r+105

s
( f(t) dwoe tinh bang nghin ngudi).
a) Tinh s6 dan cta thi trAn vao nam 1980 va nam 1995.
b) Xem f 12 mot ham s6 xdc dinh trén ntra khoang [0 ; +e). Tim f' va xét
chiéu bién thién ctia ham s6 f trén nira khoang [0 ; + o).

c¢) Dao ham clia ham s6 f bi€u thi téc d6 ting dan s6 ctia thi trin (tinh bang
nghin ngudi/ nam).

e Tinh t6c d6 tang dan s6 vao nam 1990 va nam 2008 cta thi tran.

e Vio nam nao thi téc dé tang dan s6 1a 0,125 nghin ngudi / nam ?
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'CU'C TRI CUA HAM 56

5 * " . e . i . = = 2 Ed % s % # n
Bai nay giéi thiéu khai niém cuc dai, cuc tieu cua ham s6 va xét quan hé

. - - 3 o o ] \ e " , o - ]
giira cure dai, cuc ti€u véi dau cua dao ham cdp moét va dao ham cép hai cua

ham s6.

10

Khai niém cuc tri cua ham sé

DINH NGHIA

Gia strham s6 f xéc dinh trén tap hop D (D c R) va x, € D.
a) x, dugc goi la mot diém cuc dai ctia him s6 f néu tén tai mot
khoang (a ; b) chira diém X saocho (a; bh) C D va
f(x) < f(xg) véimoli x € (a; b) \{x,}.
Khi dé f(x,) duwge goila gia tri cuc dai ciia ham s6 1.
b) x, duge goi 1A mot diém cuc ti€u ctia him s6 f néu tén tai
mot khoang (a ; b) chita diém Xy sao cho (a; bh) C D va
f(x) > f(xy) véimoi x € (a; b) \{xy}.
Khi d6 f(x,) duoc goila gia tri cuc tiéu clia hAm s6 f.

Diém cuc dai va di€ém cue ti€u dwoge goi chung 13 diém cuc tri.
Gia tri cuc dai va gi4 tri cue ti€u duroe goi chung 1a eue tri.

Néu x; 12 mot diém cuc tri cia ham s6 f thi ngudi ta néi rang ham s6 f dat

cure tri tai di€m xy. Y

= fx)

e oo o o ——

Y

£

| i

o

=
5

n_----

cuc tifu cye dai | cye dai
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CHU Y

1) Gia tri cue dai (cue ti€u) f(x,) cla him s6 f néi chung khéng
phai 13 gid tri 16n nhat (nhd nhat) ctia him s6 f trén tip hop 9 ;
f(xy) chila gid tri 16n nhit (nhd nhat) cha ham s6 f trén mot
khoang (a ; b) nao doé chira diém X

2) Ham s6 f c6 thé dat cue dai hodc cuce tiéu tai nhiéu diém trén tap
hop 9. Trén d6 thi cia hdim s6 y = f(x) trong hinh 1.1, ta thiy

ham s6 cé hai diém cue ti€u va hai di€ém cuc dai. Him s6 ciing c6
thé khong cé cure tri trén mot tip hop sé thue cho trude.

3) D6i khi ngudi ta ciing néi dén di€ém cure tri clia d6 thi.
Néu xy 1a mot diém cue tri clia ham s6 f thi diém (xg ; f{xg)) duge
goi 1a diém cuc tri ctia do thi hAm s6 1.
2. PDiéu kién can dé ham so dat cuc tri
Quan sat dé thi cia hAm s6 v = f(x) (h.1.1), ta thAy néu ham s6 f dat cuec tri
tai diém x, va n€u do thi chia ham s6 c6 ti€p tuyén tai di€ém (x; ; f(x,)) thi
ti€p tuyén do6 song song vai truc hoanh, tic 1a f'(x,) = 0.

D6 1a néi dung cta dinh 11 ma ta thira nhin sau day.

DINH LI 1

Gia str ham s6 f dat cue tri tai diém x, . Khi d6, néu f ¢6 dao

ham tai x; thi f'(xy) = 0.

Diéu ngirge lai ¢6 thé khéng ding. Dao ham f' ¢é thé bang O tai di€ém x,
nhung ham s6f khéng dat cue tri tai di€m ;.

Chang han, xét hAam s6 f(x) = v, tacd f(x) = 3x? va £'(0) = 0. Tuy nhién,
him s6 f khéng dat cue tri tai diém x = 0. That vay, vi £'(x) > 0 véi moix # 0

nén ham s6 f déng bi€n trén R (h.1.2).

11
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0 X y=ld
0 I
Hinh 1.2 Hinh [ 3
CHUY

Ham s6 c6 thé dat cuc tri tai mot diém ma tai dé ham s& khéng cé
dao ham. Chang han, ham s6 y = f(x) = |1| xdc dinh trén R. Vi

f(0) =0 va f(x)>0 véimoi x # 0 nén ham s6 dat cuc ti€u tai

diém x = 0.
Dé thdy ham s6 y = |x| khéng c6 dao ham tai di€ém x = 0 (h.1.3).

Nhu vay, mot him s6 chi cé thé dat cuc tri tai mot di€ém ma tai dé
dao ham ctia hAm s6 bang 0, hoac tai d6 him s6 khéng ¢é dao ham.

3. Diéu kién du dé ham so dat cuc tri

Dinh 1f sau cho ta mot diéu kién du dé ham s6 dat cure tri.

DINH LI 2

=7 ¥ 5 ~ = "~ ] - - 3 5,
Gia stir ham s6 f lién tuc trén khoang (a ; ) chira diem x; va

c6 dao ham trén cac khoang (a ; Xg) va (xy ; b). Khidé

a) Néu f'(x) <0 véi moi x € (a;xy) va f'(x) >0 v6i moi
x € (xy ; b) thi hAm s6 f dat cuc tiéu tai di€ém x;.

b) Néu f'(x) >0 véimoi x € (a;xy) va f'(x) <0 v6i moi

x € (xy ; b) thihAm s6 f dat cuc dai tai diém x;.

12
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No6i mot cach khac,
a) Néu f'(x) d6i dau tir Am sang dwong khi x qua diém x, (theo chiéu tang)
thi ham s6 dat cue tiéu tai diém x,.
b) Néu f'(x) déi dau tir dwong sang am khi x qua di€ém x, (theo chiéu tang)
thi ham s6 dat cue dai tai di€m x;.
Chitng minh
a) Vi ham s6 f lién tuc trén ntra khoang (a;x,] va f'(x) <0 v6i moi
x € (a; xy) nén ham s6 f nghich bién trén (a ; x5 ]. Do dé

f(x) > f(xg) véimol x € (a; xp).
Twong tur, vi ham s6 f1ién tuc trén nira khoang [x, : #) va f'(x) > 0 véi moi
x € (xy ; b) nén ham s6 déong bién trén [xy : h). Do dé

f(x) > f(xg) véimol x € (xg ; b).
Vay f(x) > f(xy) v6imoi x € (a; b) \ {xy}, titc 1a ham s6 f dat cuc ti€u tai
diém Xg-
b) Phan b) dwroc chitng minh tuwong tur. O

Dinh 11 2 duoce viét gon lai trong hai bang bién thién sau :

X a Xg b

f'(x) - +

el e

(cure ti€u)

X a Xg b

£ " -
fxg)

f(x) /y(cl_rc da iN

Tir dinh 1i 2 ta ¢6 quy tac tim cuc tri sau day.

13
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QUY TAC 1

1. Tim £'(x).

2. Tim cdc diém x; (i =1, 2,...) tai d6 dao him clia ham s6 bang 0
hoac ham s6 lién tuc nhung khéng c6 dao ham.
3. Xét ddu f'(x). Néu f'(x) doi ddu khi x qua di€ém x. thi him s6

dat cuc tri tai x; .

Vidu 1. Tim cuc tri cia ham s6

1 4
flx) = EIS o, s e 3
Giai
Ham s6 da cho xac dinh trén R.
Ta cé fix)=x*-2x-3.
Turdoé fli(x) =0 x=+-1 hoic x= 3.
Sau day la bang bién thién
X —a0 —1 3 +o0
J'(x) + 0 - 0 +
3
f(x)
2
3
Vay ham s6 dat cuc dai tai diém x = —1, gid tri cuc dai cia him s6 1a

f(=1) = 3. Ham s6 dat curce ti€u tai diém x = 3, gid tri cuc ti€u clia ham s6 1a

2
L L
f(3) 3
H1| Tim cue tri cia ham sé
f(x) = _r+%—3.

Vi du 2. Ap dung quy tic | tim cuc tri ctia him s6

Flde= .
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Gidi

Ham s6 da cho xdc dinh va lién tuc trén R.

—xvorx <0

Ta cé flx) = .
X vol x > 0.
—1lvix <0

Do do f'ix) = ;
1vdl x > 0.

(Ham s6 f khong c6 dao ham tai diém x = 0).

Sau day la bang bién thién :

X —0 0 +o0

f(x) - | +

f(x) \ ) //

Vay ham s6 dat cue tiéu tai x = 0 va gia tri cue ti€u cia hAm s6 14 £(0) = 0. O

C6 thé sir dung dao ham cap hai dé fim cuc tri cia hAm s6. Newdi ta di chitng
minh dinh li sau day.

DINH LI 3

Gia sir ham s6 f ¢6 dao ham cdp mét trén khoang (a; b)
chita diém x,, f'(xy) = 0 vA f c6 dao ham c4p hai khéc O tai
diem .x;.

a) Néu f"(xy) < 0 thi hAms6 f dat cuc dai tai diém x;.

b) Néu f"(x,) > 0 thi hAm s6f dat cue tiéu tai diém x,.

Tir dinh 1i 3, ta ¢6 moét quy tac khdc dé fim curc tri ctia him s6 (n€u him s6 cé
dao ham cap hai).

15
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QUY TAC 2

1. Tim f'(x).

2. Tim cac nghiém x; (i = 1, 2,...) cua phwong trinh f'(x) = 0.
3. Tim f"(x) vatinh f"(x;).

Néu f"(x;) < O thi ham s6 dat cuc dai tai diém x. .

Néu f"(x;) > 0 thi hdm s6 dat cuc ti€u tai di€ém ;.

Vi du 3. Ap dung quy tic 2 tim cwre tri ctia ham s6

J(x) = %xs ot = 3x & %

Gidi

Ham s6 da cho x4c dinh trén R.

Tacé f'(x) = x> —=2x -3 ;
f'(x) =0« x =1 hoadc x = 3;
L) =2,
Vi f"(-1) = -4 < 0 nén ham s6 dat cure dai tai di€ém x = -1, f(-1) = 3.

Vi £"(3) = 4 >0 nén him s6 dat cuc tiéu tai di€ém x = 3, f(3) = —?%-

Ta nhan dwoc cic két qua da biét trong vidu 1.

H2| Tim cue tri ciia ham s6
f(x)=2sin2x - 3.

Cau hadi va bai tap

11. Tim cure tri cia cdc ham so sau :

a) F(x) = %x-’i +2x% +3x—1; b) f(x) = %3-3 oy Dt 100
|
) f(x) = x+—; d) f(x) = ld(x +2) 5

16
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3 x3 .1'2 —3x+3

e) fx) = T - +2; ) f(0) = —=

12. Tim cure tri cia cac ham sé sau :

a)yzx«\H—,rz : b)y=1’8—x2 £

gI\W= xr—smlxe 3 d) = I Zcosa—oos 2%,
13. Tim cac hé so6 a, b, ¢, d cia ham s6
flx) = ax® + bx* + ex+d

sao cho ham s6 f dat cue ti€u tai di€ém x = 0, £(0) = 0 va dat cuc dai tai di€ém
T P = 1,
14. Xdc dinh cdc hé s6 a, b, ¢ sao cho ham s6

flx) = ¥ rax’ +bx+c
dat cue tri bang O tai diém x = — 2 va d6 thi cia him s6 di qua diém A(1 ; 0).
15. Chitng minh rang véi moi gid tri cia m, him s6

P m(m + 1)x + m> + 1

X — m

-},5:

# . % =2
ludn c6 cuc dai va cuc ti€u.

GIA TRILON NHAT
VA GIA TRINHO NHAT CUA HAM S8

Nhiéu bai todn din dén viéc tim gi4 tri 16n nhat va gia tri nhd nhat cia ham s6
trén mot tip hop s6 thuc cho trude. Trong bai nay ta s€ tng dung tinh don
diéu va cue tri clia hAm s6 dé tfim gid tri 16n nhit va gid tri nhd nhat cia
ham sé.

17
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DINH NGHIA

Gia strham s6 f x4c dinh trén tap hop @ (9 c R).

a) Néu tén tai mot diém x, € 9 sao cho
f(x) < f(xy) voimol x € )
thi s6 M = f(x,) dugc goi la gia tri 16n nhat clia hAm s6 f trén

D, ki hitula M = max f(x).
XED

b) Néu ton tai mot di€ém x, € D sao cho
f(x) = f(xy) véimoix e 9
thi s6 m = f(x,) duoc goi la gia tri nho nhat ciia ham s6 f trén

D, ki hiéula m = min f(x).
Xxed

Nhur vay, muén ching to rang s6 M (hoac m) 1a gid tri 16n nhét (hoac gid tri

nho nhat) clia ham s6 f trén tip hop D cin chird

a) f(x) < M (hoac f(x)=m) véimoi x € 9.

b) Tén tai it nhat mot diém Xy € 9 sao cho f(xy) =M (hoac f(xy)=m).

Ta quy uéc rang khi néi gia tri 16n nhit hay nhd nhét cia ham s6 f (ma khéng

néi "trén tap D) thi ta hi€u dé 14 gi4 tri 16n nhat hay nho nhét cta £ trén tap

xdc dinh ctia nd.
Vidu 1. Tim gia tri 16n nhAt va gia tri nho nhat cia ham s6
i i
Giai
Tap xdc dinh ctua him s6 1a [-2;2]. Hién nhién 0 < f(x) €2 véi moi
xel[-2;2];

fla)= 0 &xs £ 2 vE fi)= 2 0% 0.
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Do dé

min 4-x2=0 3 max d—.3%=32, ]
xre[-2;2] xe[-2:2]

Phurong phap thudng duoe sir dung dé tim gid tri 16n nhat va gia tri nho nhat
cia ham s6 trén moét tAp hop 1a lap bang bi€én thién cia ham s6 trén tip
hop dé.

Vidu 2. Tim gia tri 16n nhAit va gia tri nho nhat cua ham sé

fi&) = x> — 3x + 3 trén doan [—3 ,%}

(Griai. Ta co
Fx) =32 =1 ;

ix) = 0eae 1.

Sau day la bang bién thién cta f trén doan [—3 ; %} :

s -3 —1 ]

ba | W

f'(x) + 0 - 0 +

> 15
fx) / \ / 3
e did I

Tur bang bién thién, ta duoc

max . f(x)=f(-1)=35; min f(x)= f(-3)=-15.

Xe [—3 : %} X E {—3 ¢ %}

H| Tim gia tri I6n nhét va gia tri nhé nhét cGa ham sé

flx)=x+

l trén khoang (1 ; + «).
X

19
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20

Vi du 3. M6t hop khéng nap duoc
lam tir m6t manh cic téng theo méau
hinh 1.4. Hép c6 day la mdét hinh ..,h_,.. s
vuoéng canh x (cm), chiéu cao 1a 4 (cm) |
va c6 thé tich 1a 500 cn’.
a) Hay biéu dién / theo x. :
b) Tim dién tich §(x) ctia manh cic téng x
theo x. L T
¢) Tim gid tri cua x sao cho S(x) .
nho nhét.
Giis Hinh 1 4
a) Thé tich cta hop la
500

V= #2h=500 (em’). Do d6 k= =, x>0.
X

b) Dién tich cia manh cdc téng dung lam hop 1a

SMx) = x2 + 4hx.
Tira) taco
200

Nlx) = P . OB B0
X

c) Ta tim x >0 sao cho tai dé6 S(x) dat gid tri nho nhat trén khoang

(0;+ o). Taco

2000 _ 2(x* = 1000)

l’z X 7

§'(x) =0 x = 10.

S'(x) = 2x -

Bang bién thién cta 8 trén khoang (0 ; +0) :

X 0 10 +o0

S (x) _ 0 2

A \ 300 /
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Dua vao bang bién thién ta thiy trén khoang (0 ; + o0), ham s6 S dat gia tri
nho nhat tai diém x = 10. Vay mu6n tén it nguyén liéu nhat, ta 1ay do dai canh
ddy hinh hép 1a x = 10 (cm). O
Nhan xét

Neudi ta di chimg minh duoe rang ham s6 lién tuc trén mot doan thi dat duoc
gia tri 16n nhit va nho nhat trén doan dé.

Trong nhiéu trudng hop, c6 thé tim gid tri 16n nhat va gid tri nho nhat cia ham
sé trén mot doan ma khéng can lap bang bién thién cta nod.

Gia str ham s6 f lién tuc trén doan [a ; b] va ¢6 dao ham trén khoang (a ; b),
c6 thé trir mot s6 hitu han diém. Néu f'(x) = 0 chi tai mot s6 hitu han diém
thuoc (a ; b) thi ta ¢6 quy tac tim gi4 tri 16n nhat v nhd nhat ctia hAm f trén
doan [a ; b] nhur sau :

QUY TAC

- . 7 . - - s n* ”
. Tim cac diem x;, x,, ..., x,, thudc (a ; h) tai d6 ham s6 f c6 dao

ham bang 0 hoac khéng ¢6 dao ham.
2. Tinh f(xy), f(x3), ..., f(x,,), f(a) va f(b).
3. So sanh cac gia tri tim duoc.

S6 16n nhat trong cdc gia tri dé 1a gia tri 16n nhit cta f trén doan
[a ; b], s6 nho nhét trong cac gia tri d6 1a gia tri nho nhit cta f trén
doan [a ; b].

Vidu 4. Tim gia tri 16n nhat va gia tri nhé nhat cua hAam sé f(x) = X =3x+3
trén doan [O ; 2].

Gidi. Tacd f'(x)=3x* -3 ;

{f'(l) =0 {31‘2 s’ G [ {K‘ = %1
&3 & =

D<cx<? D<x <2

FQy=1; f0)= 3; f(2)=5.
Dodé max_f(x)=5va min_f(x)=1.

xe|0;2 xe|0;2

21
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16.

17.

18.

19.

22

Cau hoi va bai tap

Tim gi4 tri 16n nhAt va gia tri nho nhat cua ham s6

f(x) = sin? x + cos? x.

Tim gi4 tri 16n nhit va gia tri nho nhAt cia cdc ham s6 sau

a) f(x) = x2 4+ 2x — 5 trén doan [-2 ; 3] ;

3 ;
b) f(x) = IT + 2x% + 3x — 4 trén doan [-4 ;0] ;

c) f(x) =x+ IT trén khoang (0 ; + ) ;

d) f(x) = —x> + 2x + 4 tréndoan [2; 4] ;

2
g) filx) = - :f; Ll trén doan [0 ; 1] ;

1 d i ¥
f) f(x) = x — — trén ntra khoang (O ; 2].
X
Tim gi4 tri 16n nhét va gia tri nho nhAt cua cdc ham s6 sau :

a) y= 2sin” x + 2sinx — 1 4 b) y= cos” 2x — sinxcosx -+ 4.

Cho mot tam gidc déu ABC canh a. Ngudi ta dung mot hinh chir nhat MNPQ
c6 canh MN nam trén canh BC, hai dinh P va Q theo thit tu nam trén hai canh
AC va AB cha tam gidc. X4c dinh vi tri clia diém M sao cho hinh chif nhat ¢6
dién tich 16n nhét va tim gia tri 16n nhat dé.

. Khi nuéi c4 thi nghiém trong h6, mot nha sinh vat hoc thiy rang : Néu trén

moi don vi dién tich ctia mat ho ¢6 n con ¢4 thi trung binh méi con c4 sau mot
VU cin nang

P(n) = 480 - 20n (gam).

. 9. 9 " a ” ,‘ . " » v e - &
Hoéi phai tha bao nhiéu ca trén mét don vi dién tich ciia mat hé dé sau mot vu

thu hoach dwoc nhiéu c4 nhat ?
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Luyen tap

21. Tim cwre tri cia cac ham s6 sau :

X X

2) F@Y = —5—: b) f(x) = ;

x°+1 x+1

¢) F(x) = 1/5— x> d) f(x) = x +4fx% - 1.

. - ki o = -
. Tim gia tri cua m dé ham s6é

,1"3 + mx — 1

Fx) = ———

c6 cuc dai va cuc tiéu.

. D6 giam huyét ap cua moét bénh nhan dwoc cho boi céng thire

G(x) = 0,025x%(30 — x),

trong d6 x 12 liéu luong thude duoc tiém cho bénh nhan (x duoe tinh bang
miligam). Tinh liéu lrong thuéc cin tiém cho bénh nhin dé huyét 4p giam

nhiéu nhat va tinh d6 giam dé.
Cho parabol (&) : y = +* va diém A(=3; 0). X4c dinh diém M thubc parabol

(9P) sao cho khodng cdch AM 13 ngan nhét va tim khoang c4ach ngan nhat dé.

. M6t con c4 héi boi nguwoe dong dé virot mot khoang cach 1a 300km. Van téc

dong nude 1a 6km/h. Néu van toc boi ctia e khi nuée dieng yén 1a v (km/h) thi
nang luong tiéu hao ctia ¢4 trong ¢ gid duroe cho boi céng thire
E(W) = ov’t,

trong dé ¢ la mét hang s6, E dirge tinh bang jun. Tim van téc boi ctia c4 khi
nrée dirng yén dé nang long tiéu hao 14 it nhat.

. Sau khi phit hién mét bénh dich, cdc chuyén gia y t&€ wée tinh s6 ngudi nhiém

bénh ké tir ngay xuat hién bénh nhan diu tién dén ngay thit 7 [a
() =452 - £2,1=0,1,2,..,25.
Néu coi f 1a ham s6 xdc dinh trén doan [0 ; 25] thi f'(f) duoc xem la toéc do6
truyén bénh (ngudi / ngay) tai thoi di€ém 7.
23
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a) Tinh t6c d6 truyén bénh vao ngay thi 5.

b) X4c dinh ngay ma t6c do truyén bénh 12 16n nhat va tinh téc do dé.
¢) Xac dinh cdc ngay ma tée do truyén bénh 16n hon 600.

d) Xét chiéu bién thién clia hAm s6 f trén doan [0 ; 25].

27. Tim gid tri 16n nhAit va gia tri nho nhat cia cdc ham sé sau :

a) f(x)= 43— 2x trén doan [—3; 1] :
b) f(x) = x+ 4 - X

gl Fix) = sin® x + cos? x + 2 :

d) f(x) = x —smn2x trén doan [—%; 'JI:|.

28. Trong cac hinh chir nhat c¢é chu vi 1a 40 ecm, hay xdc dinh hinh chir nhat cé
dién tich 16n nhat.

PO THI CUA HAM SO
§ VA PHEP TINH TIEN HE TOA PO

Ta nhac lai dinh nghia d6 thi ctia him s6 trong sich gido khoa Dai s6 10

nang cao.
D6 thi clia him s6 y = f{x) xdc dinh trén tap & 1a tap hop tit ca cdc diém
(x ; fix)), x € D clia mat phang toa do.

Negudi ta con goi dé thi ctia ham s6 y = fix) 1a dudng cong c6 phuong trinh 1a
y = flx) (goi tat 1a dudng cong y = fix)).

Trong nhiéu trurdong hop viéc thay hé toa dé da c¢6 bdi mot hé toa do mdi gilp
ta nghién cttu dudng cong thuin tién hon. Bai nay gidi thiéu phép tinh tién hé

24
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toa d6, nhd d6 cé thé x4c dinh dwroc truc d6i xitng va tAim d6i ximg clia mot s6

durong cong.
1. Phép tinh tién hé toa do va cong thiic chuyén hé toa do

Gia str 7 12 mot diém cia mat phang
va (X ; )p) 12 toa do6 clia di€ém [ YA v
déi véi hé toa d6 Oxy. Goi IXY 1a
hé toa d6 méi c6é goce 1a diém I va
hai truc IX, 1Y theo thur tir ¢6 cung

— —

cac vecto don vi 7, j v&i hai truc

Ox, Oy (h.1.5). &

] I ", = S
wY ¥

Gia sir M 12 mot diém bat ki cia 7]
miat phang. Goi (x ; y) 12 toa do clia

diém M d6i véi hé toa do Oxy va

&

(X; Y) 14 toa d6 cuia diém M d6i véi Hinh 15
hé toa do IXY. Khi d6

OM = OI + IM
hay
J‘?—i— *u; = (.TU;-F J’U?) + (X?‘F Y?)

= (X +xp)i + (Y + y)J.

.1'=X+.ru
y=Y+y,.

Céc hé thite trén goi 1a céng thite chuyén hé toa dé trong phép tinh ti€n theo

Do dé

vecto OI.

2. Phuong trinh cua duong cong doéi véi hé toa do méi
Gia str (%) 1a d6 thi ciia hAm s6 y = f(x) déi véi hé toa d6 Oxy di cho. Khi
dé phuong trinh cta dudng cong (%) déi véi hé toa dé Oxy 1a y = f(x). Ta s€
vié€t phrong trinh cua (%) doéi véi hé toa d6 méi IXY .
25
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26

Gia str M 12 mot di€ém bét ki ctia mat phang, (x ; y) va (X ; Y) 1a toa d6 cla
diém M, theo thit tu, d6i véi hé toa do Oxy va IXY. Khi dé,

Me (%9 < y= f(x).
Ap dung céng thitc chuyén hé toa do trong phép tinh tién theo vecto a, ta co
Me@oeY+y=f(X+x)eoY=f(X+x)- Y.
Viéy phuong trinh ctia dudng cong (%) db6i véi hé toa d6 IXY 1a
Y= f(X+x5) W
Vi du. Cho dudng cong (¢) c6 phuong trinh 1a
y:%(.x-—z)f’ ol
vadiém17I (2:-1).
a) Viét cong thitc chuyén hé toa do trong phép tinh ti€n theo vecto OI va viét
phuong trinh ctia dudng cong (¢) doi véi hé toa do IXY.
b) Tir d6 suy ra rang I 14 tAm d6i xing ctua dudng cong (¢).
Gidi.a) Cong thitc chuyén hé toa d6 trong phép tinh tién theo vecto oI 1
= Xl
{ y=Y-1.
Phirong trinh cta dudng cong (¢) d6i véi hé toa d6 IXY 1a

_ 13 1o

b) Vi Y = %X3 14 mo6t him s6 1é nén d6 thi (¢) cia né nhan géc toa do I

l[am tam doi xirng. O

H| a) Tim toa d6 dinh | caa parabol () co6 phuong trinh Ia

ee 2x% — 4x.
b) Viét cong thic chuyén hé toa doé trong phép tinh tién theo vecto OI va viét
phuong trinh ctia parabol () doi vdi hé toa do IXY
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30.

31.

Cau hoi va bai tap

. X4c dinh dinh I ctia méi parabol (P) sau day. Viét cong thic chuyén hé toa do

trong phép tinh ti€n theo vecto Ol vi viét phrong trinh ctia parabol (&) déi
vOi hé toa do IXY.

a)yzZ,r2—3,1’+1; b)y:%xz—x—f’);
c) y=x~— 4x% ; d) y= 2x° — 8,
Cho him s6 f(x)= x> =3x% + 1.

a) X4c dinh di€ém I thu6c dé thi (¢) clia him s6 da cho biét rang hoanh do6 cia
di€m I 1a nghiém ctia phwong trinh £"(x)= 0.

b) Viét cong thitc chuyén hé toa do trong phép tinh ti€n theo vecto OI va viét
phuong trinh cta dudng cong (¢) d6i véi hé toa d6 IXY. Tir d6 suy ra rang I 1a

tAm d6i xing cua dudng cong (¢).

c¢) Viét phuong trinh ti€p tuyén ctia dudng cong (¢) tai diém I d6i véi hé toa
d6 Oxy. Ching minh rang trén khoang (- ;1) dudng cong (¢) nam phia
dudi ti€p tuyén tai I ctia (¢) va trén khoang (1 ;+ «) dudng cong (¢) nam
phia trén ti€p tuyén do.

Huong dan. Trén khoang (- 1), duong cong (¥¢) nam phia dudi ti€p tuyén
y=ax+b néu f(x) <ax+ b véimoi x <1,

l

va diém I(-2 ; 2). Viét
X4

Cho duong cong (‘¢) c6 phuong trinh 1a y = 2 —

cong thite chuyén hé toa do trong phép tinh tién theo vecto OI va viét phuong
trinh cua dudng cong (¢) doi véi hé toa d6 IXY. Tir dé suy ra 7 1a tam doi

xtmg cua (¢).

27
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32. Xic dinh tim d6i ximg cta d6 thi moéi ham sé sau day.

2 3% =2
a = +1 b = .
)y xX—gl )y b |
Hudng dan. b) Viét cong thitc da cho duéidang y = 3 - i T
X
33. Cho dudng cong (¢) c6 phwong trinh y= av+ b+ , trong doé
X = Xg

a#0, c#0 vadiémIcétoadd (xy;y,) thod min y, = ax, + b. Viét cong

thitc chuyén hé toa do trong phép tinh tién theo vecto oI va phuong trinh cua
(¢) d6i v6i hé toa do IXY. Tir d6 suy ra rang I 13 tAm déi xing cua dudng

cong (¢).

PUONG TIEM CAN CUA PO THIHAM 56

1. Duong tiém cin ding va duong tiém can ngang
l
X
trong géc phan tu thit nhét va thi ba clia mat phang toa do (h.1.6).

Ta da biét do thi cia him s6 f(x) = — 14 dudng hypebol gém hai nhdnh nam

Ta cd

1 4
lim f(x)= lim —=0

X =+ X —¥+wm X

va lim f(x)= lim %20.

X—=>—m X —-m M
Piéu d6 c6 nghiia 1 khodng cich 0 H X
MH= |f(x)| tir diém M cta dé thi
dén truc hoinh din dén 0 khi diém Nk

M theo duong hypebol di xa ra vo

tan vé phia phai hoac phia trai.
' | Hinh 16

28
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Ngudi ta goi truc hoanh 1a dudng tiém cin ngang cna do thi haim s6 y = —.
X

Ta cling c6
_ , _ | . , _ |
lm f(x)= lm —=+w va Ilim f(x)= lim —=- oo
x = 0° r—=0" X x =0 x—=0" X
Diéu dé c6 nghia 1a khoang cach NK = |x| tir mot di€ém N cia dé thi dén truc
tung dian dén O khi di€ém N theo dé thi di xa ra vé tan vé phia trén hoac phia

; g ; W e G N 33 e ; 1
dudi. Nguwoi ta goi truc tung la dudng tiém can dimg cua do thi ham s6 y = —.
X

Mot cich téng quat, ta cé

DINH NGHIA 1
Dudng thang y = y, duge goi la dudng tiém can ngang (goi tat
[3 tiém can ngang) cua d6 thi hAim s6 y = f(x) néu

lim f(x)=y, hoac lim f(x)= y,.

X =+ Y = —0

(Xem hinh 1.7).

Duong thang v = vy la tiém cdn ngang cua Duong thang vy = vy, la tiém cdn ngang
do thi (khi x —+). cua dothi (khi x ——m).
i) h)
Hinh 1.7
29
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DINH NGHIA 2

Dudng thang x = xp duge goi la dudng tiém can ding (goi tat
14 tiém can diing) cua d6 thi ham s6 y = f(x) néu it nhit mot
trong cic diéu kién sau duoe thod man

lim f(x)=+4o; lim f(x)=+4» ;

X = x5 X = xy
lim f(x)=-o; lim f(x)=-»
X ¥y S

(Xem hinh 1.8).

y4 | yh
'ﬁ
3 -
& gl \&
g | \2
/\/ Il e il
o]
- o
o X X o Xo x
d) h)
f
yh *
o -

#) X X A Xy X

J ﬁ
y=A%) Il M y=Afx)
b
) d)

a) va c¢). Puong thang x = Xy la tiém cdn b) va d). Puong thdang x = xy la tiem
ditng cua dé thi (khi x = xy ). cdn dimg cria do thi (khi x — x; ).

30

Hinh 1 8
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2x — 1
x+2

Vidu 1. Tim tiém can ngang va tiém can dimg cta do thi ham s6 y =
Gidi
Ham s6 da cho ¢6 tip xdc dinh 1a R\ {-2}.
Vi lim y=2va lim y=2

X =+ X —» —od }“
nén dudng thing y= 2 1a tiém
cin ngang cua doé thi (khi
X — 4o vakhi x —» —o0).

Vi lim y=-m va = 2 Tigm cin ngang
x = (=2) y=2

Tiém cin ding

lim y=+o nén dudng thang -2| O X
x—=(-2)

x = —2 la tiém can ding cna do
thi (khi x —(-2)" va khi
x = (=2)7) (h.1.9). Ml 42

Vi du 2. Tim tiém can ngang va tiém can dimng cta d6 thi ham s6&

.r2 + 1
X '

-},?:

Gidi
Ham s6 da cho c¢6 tip xdc dinh 12 vk
R\ {0}.

Tacdé lim y = lim ‘ y
X =—»+w0 X=»+0a0 X

=¥ —

. | y=-1
= lm JIl+—=1. 1

X+ X?

Do d6, dudong thang y=1 1a
tiém cin ngang cta do6 thi (khi
X —> +w),

Hinh [ .10
%1
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. 1

= —lim 1+—2:—1.

e X

Tuwong tw, lim y = lim
X—3—a0 X—>—w X g Y

Do dé, dudng thang y = —1 1a tiém can ngang ctia dé thi (khi x — —0).

Vi lim y =4 va lim y = —o nén dudng thang x = 0 1a tiém can ding
x—0" x=0"

ctia d6 thi (khi x — 0" vikhi x — 07) (h.1.10).

5 = 3x2
-

H1| Tim tiém can ngang va tiém céan ding ciia dé thj ham sé y =

1 - x

2. Duong tiém can xién

32

Cho (%) 12 d6 thi cia hAm s6 y = f(x) va (d) 1a dudng thang

y=ax+b (a#0).
Goi M va N 14 hai di€m ctia (¢) va (d) cé cung hoanh dé x (h.1.11). Néu dé
dai ctia doan thang MN din dén 0 khi x ddn dén + (hoic khi x din dén —o)
thi duong thang (d) duoc goi 1a dudng tiém can xién cta (¢).

Vi MN = |_f(r) = (@t % b)l nén ta c6 dinh nghia sau :

DINH NGHIA 3

Dudng thang v = ax + b, a # 0, duwoc goi 13 dudng tiém can

xién (goi tat 12 tiém can xién) clia d6 thi ham s6 y = f(x) néu

lim [f(x)— (ax + b)] = 0,

X = oD

hoac lim [f(x)— (ax + b)] = 0.

X ==

(Xem hinh 1.11).
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y=fx}__ ®
M

N
/‘/o X

Puong thang v = ax + b la tiém cdn Puong thang vy = ax +b la tiém can

xién cua dothi (khi x = +wm). xién ctia doé thi (khi x — —m).
a) b)
Hinh 1.11

Vi du 3. D6 thi ham s6

X

Xy = 5

X =1

c6 tiém can xién (khi
X = +w va khi x - —») la
dudng thang y = x vi

lim [f(x)—x] =

X—>+o0

) X
= lim >
s s D, S |

=0

va lim [f(x)—x]=0

Vi S

(h.1.12). Hinh 1.12

H2| Chimg minh rang duong thang y = 2x + 1 la tiém céan xién cta do thj ham s6

1

pr= gt ] :
y el +_r—2

33
baitap365.com



34

CHUY
Dé x4c dinh céc hé s6 a, b trong phuong trinh clia dudng tiém cin
Xién, ta c6 thé 4p dung céc céng thite sau :

a= lim J ) : b= lim [f(x)— ax]
Xx=>+wm X X —>+o

hoac a = lim Fix) : b= lim [f(x)- ax].
Xr—»-w X X = —od

(Khi a = 0 thi ta c¢6 tiém can ngang).
That vay, xét trudong hop x — +oo, gia sir ham s6 f xdc dinh trén khoang

(o ;+0) va dudng thang y = ax + b 1a tiém can xién ctia d6 thi ham s&
y= f(x) (khi x = 400). Khi do, theo dinh nghia 3, ta c6

lim [f(x)—(ax + bh)]=0. (1)

X —=>+w®

f(x)— (ax + b) _

Do dé lim 0,
X —>+4m X
tite 1 lim [-f(‘r) . g E} =D,
X = +w X X
Vi Lm E = 0 nén
x—=>+m X
a = lim () (2)
X = 4o X
Tir (1) suy ra
b= lim [f(x)- ax] (3)
X =>4+

Dao lai, néu @ va b thoa man (2) va (3) thi tir (3) suy ra (1). Do dé dudng
thang y = ax + b 1a tiém can xién ctia d6 thi hAm s6 y = f(x) néu a # 0 va

la tiém cin ngang néu a = 0.

Truwong hop x — —o duoe chitng minh tuwong tur,

Vi du 4. Tim tiém c4n xién cta d6 thi him s6

X

f) ==

X =1
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Griai. Ta co

f(x) Yo

a = lim = lim =i i
X =+ X x> +o x(x

X = +w g e ) X =+ IZ S |

3 .
b= lim [f(x)—x]= lim { ; — .I‘J = lim > o=
— 1

Theo chii y vira néu, dudng thang y = x 1A tiém cé4n xién cta d6 thi ham s6
da cho (khi x — +o0).

- -~ - -r
Tacting c6 a = lim )
x——om X

=1, b= lim [f(x)—x] = 0.

X—»=00
Do d6, dudng thang y = x ciing 1a tiém cin xién cua doé thi (khi x — —oo0).

Ta thay lai két qua di nhin duoc trong vi du 3.

H3| 7im tiém can xién cta dé thi ham s6

1‘2 . b ey |
x -2

) ol

Cau haoi va bai tap

34. Tim cic dudng tiém céin clia d6 thi moéi ham s6é sau :

a)y = k. ;
3x + 2
c)y=x+2-— ! :
i X =3
{ & Ha
= y_.rz—lj

—2x -2
b) y = —;
) X+ 3

2 .

xX°—3x+ 4
d = ;
)y TR

X
f) y=

‘1'3+l

35. Tim cic dudng tiém cén clia d6 thi moéi ham s6 sau :

a)yzzxz_lJr_r—B;
X

) X4 x+ 1

c)y= :
X

3

+ 2
b) y = S5——:
xX° = 2x
2
X"+ x+1
d)}:: 5 -
—5x" —2x+ 3
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36. Tim cic dudng tiém cin clia d6 thi méi ham s6 sau :

a) y= 2 f b)y:2.r+1f,r2—l;

C) Y=k 241 d)yz\/,err.rJrl.

Luyén tap

37. Tim cic dudng tiém céin clia d6 thi moéi ham s6 sau :

a) y=x + J‘Q—l; b)_}?:J}'z—d—X—l—B;
2
f X~ 4 Xl
g) Y= ,1'2+4; d) y= ~ :
el
38. a) Tim tiém cén ding va tiém cin xién cna do6 thi (¥¢) cua him s6
X2 —2x+2
y = :
! et B

# * * -7 » - . A - A 5, ot -~ g A
b) Xac dinh giao diém / cua hai ti€ém cin trén va viét cong thirc chuyén hé toa

do6 trong phép tinh ti€n theo vecto ol.
c) Viét phuong trinh clia dudng cong (¢) d6i véi hé toa d6 IXY.

Tir d6 suy ra rang I 1a tam d6i xing cna dudng cong (¢).

39. Cung cac cau hoi nhu trong bai tip 38 d6i vai do6 thi cua cidc ham s6 sau

2

- R Tese: il 2_
B Jr; b)yzr 8Jr+l9_

X+ 2 xX—35

a) y =

36
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KHAO SAT SU BIEN THIEN VA VE
PO THI CUA MOT S6 HAM PA THUC

1. Cac bué6c khao sat su bién thién va vé do thi cua ham so6

Trong hai bai §6 va §7 ta s€ stt dung nhitng diéu da trinh bay trong cdc bai
truée dé khao sit su bién thién va v& d6 thi ctia him s6. Ta s€ chi dé cap dén
moét s6 ham s6 don gian. Khi khao sat va vé d6 thi cia ham so6, ta ti€n hanh
cac budc sau day :

1°. Tim tap xac dinh ciua ham s6.

2°, Xét sur bién thién ciia ham s6

a) Tim gi6i han tai vé cuc va gidi han vé cuc (néu c¢6) ctia ham sé.
Tim cédc dudng tiém cAn cua dé thi (néu ¢d).

b) Lap bang bién thién ctia ham s6, bao gém :

Tim dao ham ctia ham s6, xét ddu dao ham, xét chiéu bién thién va tim cuc tri
ctia ham sé (néu c6), dién cic két qua vao bang.

3°. V& d6 thi ctia hAm s6
e V& c4c duong tiém cin ctia d6 thi (néu cb).

e Xic dinh mot s6 di€ém dac biét cta dé thi, chang han fim giao di€ém cia dé
thi véi cdc truc toa d6. (Trong trudng hop do6 thi khong cat céc truc toa d6 hoac
viéc tim toa do giao diém phitc tap thi bd qua phin nay).

e Nhan xét vé d6 thi : Chi ra truc va tAm déi xiing ctia d6 thi (néu cé, khéng
yéu cau chitng minh).

S ibxttex+d (a=0)

2. Hamso y=ax

Vi du 1. Khdo sat sur bi€n thién va v& dé thi (¢) cta ham s6

il e G o
8
Gidi
1°, Ham s6 c6 tap xdc dinh 1a R.
37
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2°. Su bién thién ctia ham s6
a) Giéi han cua ham s6 tai vo cuc
lim y= —o va

b) Bang bién thién

Ta cd y'= %(3.1’2 = BX'= 9y

lim y = 400,
X —»—od X =+

y':O<:>x2—2x—3=0 ¢ X =—1 hodc x'=3.
X —a0 —1 3 +00
y + 0 0 +

\
:
\

Ham s6 déng bién trén moi khoang (- ;—1) va (3 ;+o), nghich bién trén

khoang (-1 ; 3).

Ham s6 dat cue dai tai diém x =—1 ; gi4 tri cuc dai cia hAm s6 14 y(—1) = 0.

. . -2 . -2 - - s . . 9 > . T
Ham s6 dat cuc tiéu tai diém x =3 ; gid tri cuc ti€u cua ham s6 la

¥(3) = —4.

3°.D6 thi (h.1.13)

Giao diém ctia d6 thi véi truc tung 13

diém (0 - gj . Ta co
y=0 &+ (x-5=0
<> x=-=] holcx=7J,

Vay d6 thi va truc hoanh c¢é hai
diém chungla (-1 ;0) va (3 ;0).
Ngoai ra d6 thi con di qua mot diém
dac biét goi 13 diém uén clia né ma
ta s€ dé cap sau day.

Hinh [.13
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. A AT A L]
Diém uon cua do thi

Goi U 1a diém thuoc d6 thi (¢) trong vi du 1 c¢6 hoanh d6 13 nghiém cna
|
phirong trinh y" =0. Tacé y" = g(ﬁx i) 5yl grax = L,

Toa d6 cta diém U 1a (1 ; -2).

C6 thé chimg minh dirge rang trén khoang (—= ;1) dudng cong (¢) nam phia
durdi ti€p tuyén cna (¢) tai U, con trén khoang (1 ; +) dudng cong (¢) nam
phia trén ti€p tuyén dé. Nguwdi ta néi rang ti€p tuyén tai diém U xuyén qua
duwong cong. Diém U durge goi la diém uén clia dudng cong (€).

Mét cdach téng qudt, ta cé khdi niém diém uén nhit sau :

Diém U(x,; f(x,)) duwoe goi 1a di€ém uén cia dé thi hAim s6 y = f(x) néu
ton tai mot khoang (a; b) chia diém x; sao cho trén mot trong hai khoang
(a:xy) va (xy; b) ti€p tuyén clia d6 thi tai diém U nam phia trén d6 thi con
trén khoang kia ti€p tuyén nam phia dudi dé thi (xem bai tap 30). Ngudi ta ndi

rang ti€p tuyén tai di€ém uén xuyén qua dé thi (xem hinh 1.13). Dé tim di€ém
uén ctia dé thi c6 thé sir dung diéu khang dinh di duwoc chitng minh sau day.

Néu ham s6' y = f(x) ¢6 dao ham cdp hai trén mot khodng chita diém x;,
f"(xg) =0 va f"(x) doi dau khi x qua diéem x, thi U(xy;f(xy)) la mot

diém uén cua do thi ham sé y = f(x).

e Lo T g G s ; 1 , 4
Vi dy. Tim di€ém uén cta dé thi hAm s6 f(x) = —g_.x} + x2 4 3x+ =

Giai. Tacé f'(x) = o Qo o 3, f'"(x) = -2x+2 va f"(x) = 0 tai di€ém
xo = 1. Vi f"(x) déi dau (tir duong sang 4m) khi x qua di€ém x, = | nén
U(1;5) 1a diém uén ctha dé thi ham s6 di cho. O
Dé chitng minh dwoc rang :

Do thi ciia ham s6 bdc ba f(x) = ax® + bx? +ex+ d (a = 0) luon co mot

diém uén va diém dé la tam doi xirng cia do thi.
Vi du 2. Khao sat sir bi€n thién va v& do6 thi cua ham sé
Y= e B et g,
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Giai
1°. Ham s6 c6 tap xac dinh 1a R.

2°. Su bién thién ctia ham s6
a) Giéi han cua ham s6 tai vo cuc

lim y=+4w va lim y= -,
X=—>—0 X —>+0

b) Bang bién thién
Ta co ¥ies Ry fxes ,
Vi y' <0 véimoi x € R nén ham s6 nghich bién trén R. Ham s6 khoéng cé

cuc tri.

—0
3°. D6 thi (h.1.14)

e Diém uén

Pao ham cdp hai cia ham s6 la

y" = -6x+ 0.

y"=0 tai difm x =1 va y" déi

diau tor duwong sang 4m khi x qua

diém x = 1.

Vay U(1 ; 0) 1a diém uén cia doé thi.

e Giao diém ctlia d6 thi véi truc toa do

Giao diém cta d6 thi véi truc tung la % -
diém (0 ; 2). B

Phuong trinh y = O hay

(x— 1)(.1|['2 —2x+2)=0 c¢6 nghiém

x=1,

Do dé, dé thi cat truc hoanh tai di€ém

(1:0). Hinh 1.14

Nhdn xét : D6 thi nhan diém uén U(1 ; 0) 1am tam dé6i ximg.
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3. Ham s6 triung phuong y = ax* + bx* + ¢ (a # 0)
Vi du 3. Khao sét sir bién thién va v& dé thi cua ham s6
V= R i B,
Giai
1°. Ham s6 c6 tip xac dinh 1a R.
2°. Sur bién thién cua ham s6
a) Giéi han cua ham s6 tai vo cuc

lim y=+40 va lim y= +4o0,
X—»—0l X=—>+00

b) Bang bién thién
Ta co o= A esilly = 41{12 — 1) :

y' =0 x =0 hoac x =1 hoacx=-1.

X | —oo -1 0

1

~+00

: 0 + 0 =

o -
I

0 +

Ham s6 nghich bién trén moéi khoang
(—0;—1) vd (0;1), déng bién trén
moi khoang (—1;0) va (1 ;+ ).

Ham s6 dat cuce dai tai di€ém x = 0, gid

vk

&5

y | T~ 4/3\ 4/+m

tri cuwc dai ctia ham s6 1a y(0) = —3.
Ham s6 dat cuc tiéu tai cdc diém
x = +1, gid tri cuc ti€u ctia him s6 14

y(£1) = 4.

3°. D6 thi (h.1.15)

e Diém uén

Tacd y" = 12x% — 4.

baitap365.com
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, Xy = va y" doi diu khi x qua méi

y" =0 tai cac diem x; =

VR
3 3

g 5
diém Xy va xy.

8. 2)

Do dé U, (——; — 3= _— —3—} 14 hai diém uén cta dé thi.
3 9 3 9

¢ Giao diém ctia d6 thi véi truc tung 13 diém (0; - 3).

TacéyzO@.r:i\/g.

Viy dé thi cat truc hoanh tai hai diém (/3 ; 0) va (+/3 ; 0).

Nhdn xét : Ham s6 da cho 12 him s6 chan nén do6 thi ctia né nhan truc tung
lam truc déi xirng.

Vi du 4. Khao sit suir bi€n thién va vé do6 thi cua ham sé
y = g o Py B,

Giai

1°. Ham s6 c6 tap xac dinh 1a R.

2°. Sir bién thién ctia ham sé

a) Gidi han cua ham s6 tai v cuc

lim y= -0 va lim y= —oo,
X—»—0d X+

b) Bang bién thién
Tacd ¥ =—4x’ —4x = —dx(x? +1) ;

y=0&=x=0.

X —0o0 0 00
}:' + 0 —
3

\
/
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Ham s6 déng bién trén khoang (- ; 0) va
nghich bién trén khoang (0 ; +0).

Ham s6 dat cuc dai tai diém x = 0 ; gia
tri cuc dai cia ham s61a y(0) = 3.

3°. D6 thi (h.1.16)

- -3 ¥ - . o w a3
Giao diem cua do thi véi truc tung la di€ém

(0;3). Tacod
in-
y=0& x =+1. -1 0 1 -
Vay d6 thi cat truc hodnh tai hai diém 1l
(—1:0) va(l;0).
Nhdn xét : Ham s6 dé cho 1a ham s6 chan 9
nén do6 thi ctia né nhan truc tung lam truc
déi xing. |
CHU Y Hinh 1.16
Goi (%) 1a d6 thi cia hams6 y = ax* +bx? + ¢ (@ #0).
Ngudi ta chimg minh duge rang
| ) N€u phuong trinh
f(x)=0 (1)

c6 hai nghiém phan biét x = £x; (x, > 0) thi do6 thi (¥¢) c6 hai
diém ubén Ui(xq: f(xy)) va Uy(—x,; f(=x,)) do6i xting véi nhau
qua truc tung.

2) Néu phuong trinh (1) ¢6 moét nghiém kép hoac vé nghiém thi d6
thi (¢) khong c6 diém uén.

(Dé thiy rang d6 thi ham s6 trong vi du 4 khéng 6 di€ém uén).

Cau hai va bai tap
40. a) Khao sét sir bién thién va vé dé thi cia ham sé
Y= 5 B il
b) Viét phwrong trinh ti€p tuyén cta dé thi tai di€ém uén.
¢) Chimg minh rang diém uén 1a tam déi xtng ctia dé thi.
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41. a) Khao sat sur bién thién va vé do thi cia ham s6
yo= g GeBx? =
b) Tuy theo cédc gia tri ctia m, hiy bién luin s6 nghiém cta phuong trinh
X 43 -1=m

42. Khio sit sur bién thién va vé& do6 thi ciia cdc ham s6 sau :

a) y = Yo x?—3x - b)y=.r3—3,r+1;

c) y = —l.rs fo? we Tigpios = : d) y = X0 = 3x% 4 3x 4 1.

43. a) Khao sat sir bi€n thién va v& do thi cia ham s6
P o 30?2
b) Tuy theo cédc gia tri ctia m, hiy bién luin sé nghiém cta phuong trinh

et -2=m
c¢) Viét phwrong trinh ti€p tuyén tai cdc diém udn clia d6 thi & cau a).

44. Khao sat sur bi€n thién va vé doé thi cia cac ham s6 sau :

a) y = ¥ -3x2 42 : b) y = S, s

Luyen tap
45. a) Khao sat sur bién thién va vé do thi ciia ham s6
P x> =3xt a1,
b) Tuy theo cédc gia tri cia m, hiy bién luin s6 nghiém ctia phuong trinh

=32 t+m+2=0,
46. Cho ham s6

y = (x + D(x* 4+ 2mx + m + 2).

# B ' ki iy a2 . d % ’ o = % .
a) Tim cac gia tri cua m dé doé thi cua ham s6 da cho cat truc hoanh tai ba
» - ..
diem phan biét.

b) Khao sat sir bi€n thién va vé d6 thi cia ham sé véi m = —1.
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47. Cho ham s6
P P —(m+ I)Jr2 + m.
a) Khao st sir bién thién va vé dé thi cia ham sé véi m = 2.
b) Chitng minh rang dé thi ctia hAm s6 da cho luén di qua hai diém c6 dinh
v6i moi gia tri ctia m.
48. Cho ham s6
Y= x* —2mx® + 2m.
a) Tim cdc gid tri clia m sao cho him s6 ¢6 ba diém cure tri.
9 - = . .y ~ n = s b 3 ” 1 A
b) Khao sat sur bi€n thién va vé€ do6 thi cua ham s6 véi m = 5 Viét phuong

trinh ti€p tuyén cta dé thi tai hai diém uén.

KHAO SAT SU BIEN THIEN VA VE
PO THI CUA MOT s HAM PHAN THUC
HOUTI

ax + b
cx +

1. Hamso y =

(¢ #0 va ad — bc # 0)

Vi du 1. Khao sat sir bi€n thién va v& d6é thi cua ham so6
. 2x—]
X ]

Yy
Gidi
1°. Him s6 c6 tap xdc dinh1a R \ {1} .
2°. Sir bién thién cua ham s6
a) Gidi han v6 cuc, gidi han tai vo cuc va cdc dudng tiém céin

Tacé lim y =-o va lim y = 400, Do d6, dudng thang x =1 Ia tiém cén
=1 x—I"

ditng ctia d6 thi ham s6 da cho (khi x — 17 vakhi x —> 17).
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Vi lim y= lim y =2 nén dudng thang y = 2 1a tiém cin ngang cna doé
=+ X=»—a

thi ham s6 da cho (khi x — +o va khi x — —).

b) Bang bién thién

Ta co y':_—12{0v6i11191 x & 1,
(x-1)
X —o0 1 Hemy
-}‘!I — Fras
2
40
—oD 2

Ham s6 nghich bién trén méi khoang (-0 ; 1) va (1;+ o),

o Y
3°. D6 thi (h.1.17)
D6 thi cat truc tung tai diém (0 ; 1) va cat
it it [ 1 e
truc hoanh tai diém | —; 0 |- I
' 2 g} I
R SR S
Nhdn xét : D6 thi nhan giao diém I(1 ; 2) 7. T : ! '
|
> . . . “ 3 ey % | I |
cua hai duong ti€m can lam tim doi xing. \ : : !
iy |
H1| Khao sat s bién thién va vé dé thi ham ol N[32 3 =z
SO y= L Al
Y= x+2
axl + bx + ¢
Ham so y = : — (a#0,a #0)
ax+b Hinh 1.17
; 6 3 Y ¢ s comomom  wm e ; X2 4 2x+2
Vi du 2. Khao sat su bi€n thién va vé do thi cna ham s6 y = Y :
X

Gidi
1°, Ham s6 c6 tip xdc dinh 1a R \ {—1} .
2°. Sur bién thién cua ham s6

a) Gidi han tai v6 cuc, gidi han vo cuc va cdc dudng tiém céin
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Ta viét ham s6 di cho dudi dang

y=x+1+ 1
T x+1
Tacd lm y=—-o va lim y = +m.
X——0 X —>+0
Vi lim y=-o va lim y =4 nén dudng thang x = —1 1a tiém
x (=) x=>(-1*

can dirng clia d6 thi ham s6 da cho (khi x — (=1)” vakhi x > (-1)").

y . , . L 6 s A _
Vi lim |:y—(,‘{+1):|— lim =0, va Il_lglm[y (J-I—l):|—0

X400 x>+ X + 1
nén dudng thang y = x +1 12 tiém cin xién clia d6 thi ham s6 di cho (khi

X — +o va khit x —» —m).
b) Bang bién thién

x? 4+ 2x ‘
(x+1)2

y =0 W 42x=0o x=0 hoicix = 2.

Taeh 1 ¥ =

X ~-00 -2 +o0

~1
y' + 0 = = 0
i L +00
y / \ /
o —an 2
Ham s6 déng bién trén moi khoang
(-0 ;—-2) va (0;+»), nghich bién
trén moéi khoang (-2 ;-1) va (=1; 0).

Ham s6 dat cuc dai tai diém x = -2
vOl gia tri cue dai y(—2) = -2 va dat

+

. 7 . 3.7 sr  wa s
cuce tiéu tai diem x = 0 v&i gia tri cuc

s 7 -
tieu y(0) = 2., X
3°. D6 thi (h.1.18)

D6 thi cat truc tung tai di€m (0 ; 2).
Nhan xét : D6 thi nhan giao di€ém

I(—1;0) cua hai dudng tiém can lam

tim d6i xing. Hinh 1.18
47
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Vi du 3. Khao sit sir bi€n thién va vé& d6 thi ciia ham s6

x2—2r—3
X —2 '

.}.?:

Gidi. Cé thé viét ham s6 di cho duéi dang

_1._ 3
Y ye B

1°. Him s6 c6 tip xdc dinh 1a R \ {2} :
2°. Su bién thién cta ham s6
a) (G161 han tai vo cuc, gidi han vo cuc va cac duong ti€ém can

Ta cod

lim y=-w va lim y= +ow0 ;

e X+
lim y =+ va lim y = -,
x—=2 xr—=2"

Do dé, dudng thang x = 2 1a tiém can ditng cta d6 thi ham s6 di cho (khi
x —> 2" vakhi x > 27).

Viy—x-= % — 0 khi x — +o va khi x — —o nén dudng thang y = x
la tiém can xién cua do thi ham s6 da cho (khi x — 4+ vakhi x — —).
b) Bang bién thién

3
(x - 2)°
khoang (- ;2) va (2 ;+ ).

Viy'=1+ >0 véi moi x # 2 nén ham s6 déng bi€n trén moi

X —oD 2 +o0

y' + +

_}’ +oo +o0
— a0 / —0 /
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49.

S0.

S1.

3°. Do thi (h.1.19)

. . P 2 = . e
¢ (Giao diém cua do thi voi truc

tung 1a diém [0 : %] . Tacd

y=0e x> - 2x-3=0

<> x=—1 hoac x= 3,

Vay dé thi cat truc hoanh tai
hai diém (=1:0) va(3; 0).

Nhdn xeét : D6 thi ham s6 nhan
giao di€ém /(2 ; 2) ctia hai dirdng

tiém cAn lam tAm déi xing.

H2| Khado sat su bién thién va

—_x'z —2x
x+1

Hinh 1 .19

vé d6 thi ham s6 y =

~n Pm - .- om ~
Cau hoi va bhai tap
a) Khao sit sir bién thién va vé& dé thi cia ham s6

x—2
2x + 1

b) Chitng minh rang giao di€ém I clia hai dudng tiém can clia dé thi 13 tam déi

-},?:

xtng ctua dé thi.

Khao sit s bi€n thién va vé do6 thi cia cdc ham s6 sau :

e | 2x + 1
= : b) vy = .
Y= T T
a) Khdo sdt sir bién thién va vé do thi cia ham s6
%% 4 5x ¢4
2 X+ 2

b) Chimg minh rang giao diém I clia hai dudng tiém can ctia dé thi 14 tam doi
ximg cua doé thi.

49
baitap365.com



c) Tuy theo cédc gia tri ctia m, hiy bién luin s6 nghiém cta phurong trinh

2x% +5x + 4
X+ 2

+m=0.

52. Khao sit s bién thién va vé d6 thi cia cdc ham s6 sau :

B 5. 2
a)yzl 3J-|—6; b)y:h ,1+1;

x —1 1 —x

c) 1}_2,x'2+3x—3‘ d) Y=k 2 !
- x4+ 2 ’ o J{'—l-

Luyen tap

_— T , X+ 1
S3. a) Khao sat sur bién thién va v€ do6 thi cua hamsé y = 5
X—
b) Viét phwong trinh ti€p tuyén ctia dé thi him s& di cho tai giao di€ém A clia
d6 thi véi truce tung.

c¢) Viét phuong trinh ti€p tuyén ctia d6 thi him s6 da cho, biét rang ti€p tuyén
dé song song véi ti€p tuyén tai diém A.

5 ” - . », " - - > . - 1
54. a) Khao sét sir bién thién va v& d6 thi () clia hAm s6 y =1 - =
X

b) Tir d6 thi (H) suy ra cdch v& d6 thi cia hAms6 y = —1 + L =
X

5 7 . - n s L 2 Y - - 2
S3. a) Khao sat sur bién thién va vé doé thi cua hamsé y = x — 1
% =
b) Viét phurong trinh ti€p tuyén cua do6 thi hAim s6 da cho biét rang ti€p tuyén
dé di qua diém (3 ; 3).

2

e - . S o e &
56. a) Khao st sir bi€n thién va vé do thi (¢) ctia ham s6 y = =
X
1’2
b) Tirdé thi (%) suy ra cdch v& dé thi cia ham s6 y = | - 1| :
Xt

50
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MOT $O BAI TOAN THUONG GAP
~ VEDO THI

1. Giao di¢ém cua hai do thi
Cac d6 thi cta hai hAm s6 y= f(x) vd y=g(x) cat nhau tai diém
M(x, 5 ¥p) khi va chi khi y, = f(x) va y, = g(xg), tire 1a (xg 5 yy) 1a mot
nghiém cua hé phuong trinh
{y = f(x)
y= g(x).
Nhur vay hoanh do6 giao diém ctia hai d6 thi trén 13 nghiém cta phuong trinh
f(x)= g(x).
S6 nghiém ctia phuong trinh trén bang s6 giao diém cta hai dé thi.
Vi du 1. Véi cdc gid tri nao cta m, duwong thang y = m cat dudng cong
y=x* - 2% - 3 tai bon diém phan biét ?
Giai
Hoanh do giao di€ém ctia dudng thang va duong cong di cho 1a nghiém cha
phuong trinh xt = 23% — 3=, tic 12

Moo -m-3=0 (1)
bat X = ,1'2, X =0, ta duoc

X2 -2X-m-3=0. (2)

Pudng thang cat dudng cong di cho tai bén di€ém phan biét khi va chi khi
phuong trinh (1) ¢6 bén nghiém phan biét. Diéu nay xay ra khi va chi khi
phuong trinh (2) ¢6 hai nghiém duong X;, X, phan biét, tirc la

(A" >0 (m+4>0
1 XX, >0 ©{-m-3>0& 4<m<-3.
X, +X,>0 [ 2>0 -
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Nhan xét
C6 thé giai bai todn trén bang dé thi nhir sau :
D6 thi cia hAm s6 v = 9 PP B dwoc cho trong hinh 1.15.

D6 thi clia ham s6 y = m 12 mot dudng thang song song hoac tring véi truc
hoanh. Dua vao d6 thi ctia hai ham s6 di cho, ta thdy ngay rang duong thang va
dudng cong di cho cat nhau tai bén di€ém phan biét khi va chi khi —4 < m <-3.

H1| Chimg minh rang véi moi gia trj ctia m, dudng thang y = x — m cat dudng cong
2
o x ) — " o
y = th tai hai diém phan biét.
-

Su ti€p xic cua hai duong cong

DINH NGHIA

Gia str hai ham s6 fva g ¢6 dao ham tai di€ém x;. Ta néi rang hai
duwong cong y = f(x) vd y = g(x) tiép xuic véi nhau tai diém
M(xy 5 yy) né€u M 1a mét di€ém chung cta ching va hai dudng

cong c6 ti€p tuyén chung tai diém M. Diém M duwoc goi la
tiép diém cilia hai dudng cong di cho.

Hién nhién cdc dé thi clia hai
ham s6 dd cho ti€p xiic véi
nhau tai diém M(x; ; y)
(h.1.20) khi va chi khi

Yo = F(xg), yo = 8(xp)

va f'(xg) = g'(xp).

Hinh 1.20

Tir d6 dé dang suy ra rang
Hai duong cong v = f(x) va y= g(x) ti€p xic véi nhau khi va
chi khi hé phwong trinh

J(x)= g(x)
['(x)=g'(x)

c6 nghiém va nghiém cua hé phuwong trinh trén 1a hoanh dé tiép
di€ém ctlia hai dudng cong dé.
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Vi du 2. Chitng minh rang hai dudng cong
3 d
y:_rj +E_r—2 vi‘ly:.errx—E

. - . - = = #
ti€p x1ic véi nhau tai moét diém nao doé.

X4c dinh ti€p di€ém va viét phirong trinh ti€p tuyén chung clia hai dudng cong
da cho tai diém dé.

Giai
Hoanh do ti€p diém ctia hai dudng cong da cho 14 nghiém clia hé phwong trinh

-

,1'3+§.r—2 = 3y g gD
A
4 1 s :
(IS + Ix — 2] = (_1’2 +x—2)".
Ta co
¥ =t +l=0
4 |
(I) < < g e = 5
3%+ 7= 20+

: e a g . ol | 5
Vay hai durdng cong di cho ti€p xtic véi nhau tai diém M[E = 4] .
Hé s6 géc cha ti€p tuyén chung tai diém M ctia hai dudng cong da cho 1a
1

y{ij = 2. Phwong trinh ti€p tuyén chung cta hai dudng cong tai di€ém M 1a

= 2[1 - %) — % hay y = 2x - %

3

H2| Chimg minh rang duong cong y = x° — x tiép xuc voi parabol y = x2 -1 tai
mét diém nao do.

Xac dinh tiép diém va viét phuong trinh tiép tuyén chung cta hai duong cong tai
diém do.

Vi du 3. Chitng minh rang dudng thang y = px + ¢ 12 ti€p tuyén cflia parabol

y = ax® + bx + ¢ khi va chi khi phuong trinh
ax® + bx + ¢ = px +q
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hay

ax?+b-px+c—qg=0 (3)
c6 nghiém kép, tirc 1a

A== p)?-dac—q)=0.
Chitng minh
Ta di biét : Drong thang va parabol di cho ti€p xtic véi nhau khi va chi khi hé
phuong trinh
{ ax® + by + ¢ = px + q

(mr"2 +-bx'+ ¢) = (px+ @)’

hay

axz—l—(h—p)xﬂ'—q:[)
2ax+b=p (4)

c6 nghiém.

Néu dudng thang ti€p xiic véi parabol thi hé phuong trinh trén ¢é nghiém. Gia
sir X = X 1a nghiém cta hé phuong trinh trén. Khi d6, vi ¢ # Onén tir (4) ta

cO xy = pz—;b Thay vao (3), ta duoc

o 2 o
GM—I—(b—p)(p_ h)+f'—q=0.

4a’ 2a

Tirdé suyra

(b — p)> — 4a(c — q) = 0.
Vay phuong trinh (3) c6 nghiém kép.
p—>b

. 2 e
. Hién nhién
2a

Dao lai, né€u phwrong trinh (3) c6 nghiém kép x, thi x, =

x = xp cling la nghiém cua phuong trinh (4). Vay hé phuong trinh trén c6

nghiém. Do d6 duong thang 14 ti€p tuyén ctia parabol.

baitap365.com



CHU Y
C6 thé 4p dung diéu khang dinh trong vi du 3 dé xét sir ti€p xiic clia
dudng thang va parabol.
Vi du 4. Viét phrrong trinh clia dudng thang di qua di€ém A(1 ; —2) va ti€p xic
vOi parabol y = x* - 2x.
Giai
Phwong trinh clia dudng thang di qua diém A(1 ; —2) va c6 hé s6 géc m 1a
y=m(x—1)—2,
Hoanh d6 giao diém cta dudng thang va parabol di cho 1a nghiém cta

phuong trinh X =% = m(x —1)— 2, tirc 1a

e m+Dx+m+2=0. (5)

Pudng thang tié€p xiic véi parabol khi va chi khi phwong trinh (5) ¢6 nghiém
kép, tac la

A=(m+2%-4m+2)=0
S (m+2)(m—-2)=0< m=2 hoicm=-2.

Vay c6 hai ti€p tuyén ctia parabol di cho di qua diém A. D6 1a hai
duong thang

y=2(x-=1)-2 hay y=2x-4
y 2 Mk —1)— 2 -hay y= 2%,

pas

Vv

Cau hoi va bai tap

57. a) Khao sdt sur bién thién va vé d6 thi (%) cia haim s6

F(x) = 2% +3x% + 1.
b) Tim cdc giao di€ém ctia dudng cong (¢) va parabol

()i Ble)= 2%%.3.1.
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c) Viét phuong trinh céc ti€p tuyén cia (€) va (P) tai mbi giao di€ém cia chiing.

d) X4c dinh cdc khoang trén dé (¢) nam phia trén hoac phia duéi ().

58. a) Khao sat s bién thién va v& d6 thi ctia ham s6

59.

60. Chitng minh rang cdc do6 thi cna hai him s6 f(x)=—+—x va g(x) =

2x — 1

1.,?: i
g x +1

b) Véi cdc gid tri ndo clia m, dudng thang d ~di qua di€ém A(-2 ; 2) v c6 hé
s6 gbéc m cat do thi cua ham s6 da cho
e Tai hai diém phan biét ?
e Tai hai diém thu6c hai nhidnh ctia d6 thi ?
Chirng minh rang cdc dé thi cia ba ham sé
Fla)= ~x% 4+ 3x+6, g(x) = - x? 44 va h(x) = x4+ Tx+8
ti€p xidc v6i nhau tai di€fm A(—1 ; 2) (tirc 1a chiing ¢6 cung ti€p tuyén tai A).

rz 3 3x
X+ 2

2 "2

ti€p xiic véi nhau. Xdc dinh ti€p di€m cta hai dudng cong trén va viét phuong
trinh ti€p tuyén chung ctia chiing tai diém dé.

61. Mot viéen dan dwoc ban ra

56

véi vAn toc ban dau

vy > 0 tir mét nong siung

Y

dit & goc toa do O, )
nghiéng moét goéc « voi
mat dit (nong sing nam
trong mat phang thang - %)
dirtng Oxy va tao vdi truc D « »
hoanh Ox géc ) (h.1.21).
Biét quy dao chuyén doéng Hink 1.21
cua vién dan la parabol.

() & ¥y = —2—‘22 (1+ tan’ @)x> + xtana

Yo

(¢ 1a gia téc trong trurdng).
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6

P

F -1

s 5 : : (L B 5 s
Chirng minh rang véi moi @ &€ [0 : 5] (7,) ludn ti€p xuc véi parabol (I7)

c6 phuwong trinh 1a

2.
y Vv
£ Ji'2 e i i1

21,[1]1 2g

) A

va fim toa do ti€p diém ((I') duoc goi 1a parabol an toan).

Luyen tap

a) Khao sit sir bién thién va vé& dé thi cia him s6

b) Chitng minh rang giao di€ém I cha hai dudng tiém can cta dudng cong da
cho 1a tAm déi xitng cta no.

63. a) Khao sit sir bién thién va v& d6 thi (H) cta ham s6

64. Cho hamsoé y =

B o ol
¥ B

b) Chimg minh rang dudng thang y = mx + m — 1 luén di qua mot diém c6
dinh clia dudng cong (H') khi m bién thién.

¢) Tim céc gid tri cia m sao cho dudng thang di cho cat dudng cong (H) tai
hai diém thuéc ciing mét nhanh cia (H).
ax® — bx

]

cE o cng o TR . % S
a) Tim a va b biét rang dé thi (¢) cia ham s6 da cho di qua diém A(—l : 5)

va ti€p tuyén cta (¢) tai di€ém O(0 ; 0) cé hé s6 gbe bang 3.

b) Khao sét sur bi€n thién va vé& d6 thi ctia ham s6 véi cdc gid tri cia @ va b
da tim duoc.
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65. a) Khao sit sur bi€n thién va vé d6 thi ctia ham s6

2t —x 1
N x -1

Yy

b) Véi cdc gid tri nio ctia m dudng thang y = m — x cat d6 thi cia ham s6
T " = . 7 a " A
da cho tai hai diém phan biét ?

c) Goi A va B 1a hai giao di€m dé. Tim tap hop cdc trung di€ém M cna doan
thang AB khi m bién thién.

66. Tim cic hé s6 a va b sao cho parabol y = 2x% + ax + b ti€p xuc véi hypebol

V= l tai diém M[l ; 2].
X 2

67. Mot tap chi durge ban véi gia 20 nghin déng mot cuén. Chi phi cho xuét ban

58

x cuén tap chi (bao gbém : lwong can b6, céng nhan vién, gidy in, ...) duoc
cho boi
C(x) = 0,0001x> — 0,2x + 10000,

C(x) duoc tinh theo don vi 1a van déng. Chi phi phat hanh cho méi cuén la
4 nghin déng.

1°. a) Tinh téng chi phi T(x) (xuAt ban va phat hinh) cho x cuén tap chi.

7 % T o § . . # b s’ # .
b) Tis6 M(x) = ﬂ duoc goi la chi phi trung binh cho moét cuén tap chi khi
X

xuft ban x cuén. Tinh M(x) theo x va tim s6 luong tap chi cin xuit ban sao

cho chi phi trung binh 13 thip nhat.

2°. C4c khoan thu bao gém tién ban tap chi va 90 triéu déng nhian duoc tir
quang c4do va sir tro gitip cho bao chi. Gia sir s6 cuén in ra déu duge bin hét.

a) Chimg minh rang sé tién 1ai khi inx cuén tap chi 1a
L(x) = — 0,0001x* + 1,8x — 1000.

b) Ho1i in bao nhiéu cuén thi b 131 ?

c) In bao nhiéu cuén thi 1di nhiéu nhat ? Tinh s6 tién 13i dé6.
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3 | JTINH LS, LOM VA BIEM USN CUA BUSNG CONG

-ﬁ- _—

cung 16m BC

"y

Hinh [ .22

Budng cong (¢) trén hinh 1. 22 gém ba cung AB, BC va CD . Ta thay tiép tuyén

clia dudng cong tai mai diém M clia cung AB déu nadm phia trén clia cung ; ngudi ta
. (S
goi AB la mot cung I6i. Trai lai, ti€p tuyén tai méi diém clia cung BC ndm phia dudi

cla cung ; BC dudc goi la moét cung I16m. Diém B la diém phan chia hai cung 16i va

cung l6m cda dudng cong ; ngudi ta goi nd 1a moét diém uén cla dudng cong (€).

Tuong tu, C ciing |a mot diém uén vi né phan chia cung I16m BC va cung 16i CD .
Ta ciling thay tiép tuyén clia dudng cong tai diém uén xuyén qua dudng cong.

Sau day ta sé gidi thiéu cac khai niém da néu mot cach chinh xac.
1. Tinh 18i, I1dm cua dé thi
Pinh nghia. Gia sirham sé f c6 dao ham trén khoang I. Ta ndi rang

a) D6 thi (‘¢) clla ham s y = fix) 16i trén khoang I néu ti€p tuyén cla (¢) tai moi
diém cha n6 déu nam phia trén dé thi.
b) D6 thi (¢) clia ham sé y = flx) I6m trén khoang I néu tiép tuyén clia (¢) tai moi
diém cQa n6 déu nam phia dudi d6 thi.
Ta thira nhan dinh Ii sau day.

59
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Dinh li. Gia sirham sé fc6 dao ham cép hai trén khoang I. Khi dé

a) Néu f"(x) <0 véimoi x € thido thi (¢) cla ham s6é y = flx) 16i trén 1.

b) Néu f"(x) >0 véimoi x €I thid6 thi (¢) clia ham sé y = flx) Iom trén I

Vi du 1. Xét tinh 18i, 16m ctia hai parabol fix) =1 va g(x) = —x°.

Gidi. Tacé f'(x)=2xva f'(x)=2.

Vi f"(x) >0 v8imoi x € Rnén parabol fix)= ’16mtrén R.

Trailai,vi g"(x)=-2<0 véimoi x € R nén parabol g(x) = - X l6itren R .

C6 thé thay ngay diéu khang dinh trén tir dinh nghia. Tiép tuyén clia parabol fix) = '
tai méi diém clia né déu ndm phia dudi dé thi va tiép tuyén cha parabol g(x) = — x°
tai méi diém clia né déu nam phia trén dé thi.

Chu y. Diéu kién néu trong dinh li trén chi 1a diéu kién da chir khéng phai la diéu kién
can clia tinh 18i, 16m clia d6 thi. Chéng han, dudng cong fix) =x" lalém trén R vi
tiép tuyén clia dudng cong tai méi diém clia né déu nam phia dudi dudng cong. Tuy
nhién, ta c6 £"(x)=12x> >0 véimoi xe R va f"(x)=0 tai x=0.

2. Diém udn cua dé thi

60

Dinh nghia. Gia sirham sé f c¢é dao ham trén khoang (a ; h) chira diém x,. Néu dd

thi () clia ham sé y = f(x) |6i trén mét trong hai khoang (a ; xg), (xg ; b) va |6m trén

khodng cén lai thi U(xy ; f(x,)) duge goila diém uén cha dé thi (¢) (h.1. 23).
4 ¥ L ¥

didm udn

diém uon !
1

i ) S b

R

r

o R S T A

Hm————

|
o 0

Hinh .23
N6i mot cach khac, diém uén clia d6 thi [a diém phan chia hai phan 16i va 16m cla
dé thi.
Tiép tuyén cla d6 thi tai diém udn luén xuyén qua dé thi.
T dinh If vé tinh 16i, 16m clia d6 thi, dé dang suy ra
Pinh li. Gia sir ham s6 f ¢ dao ham cdp hai trén khoang I chia diém x,. Néu
f"(xg)=0 va f"(x) d&i dau khi x qua diém x; thi U(xg ; f(xg)) la mét diém uén

clia d6 thi ham s6 y = fix).

baitap365.com



68.

Vi du 2. Tim cac khodng 16i, 16m va diém uén cla dé thi ham sé

Yz —é.ts o 7
Gidi. Tacd y'=-x>+2x+3 va y"=—2x+2.
Bang xét ddu clia y":
X —00 1 +00
y" + 0 -
y 3

Vi y" >0 trénkhoang (—; 1) nén dé thi (¢) cha ham sé 16m trén khoang (-=; 1).
Vi y" <0 trénkhodng (1;+ o) nén dé thi (¢) 16i trén khoang (1;+ o).

U1 :5)1a diém uén cla dé thi (¢).

~ P m - . m ~ ~ ~
Cau hoi va bai tap on tap chuong |
Chitng minh cic bat dang thiic sau :

A i ?.[
a) tanx > x, véimoi x € | 0 ; > :

3
X . . T
b) tanx > x + =3 vl mol x € (O . 7]

Huong dan. a) Chimg minh rang ham s6 f(x) = tanx — x déng bién trén nira

T
khoa 0;—=]|.
10'111g[ ,2]

69. Xét chiéu bién thién va tim cuc tri (n€u ¢6) cla cdc ham s6 sau :

a) _}f:ﬂ/3h1'+1 . b) y = Ax — x2 .
c)yz.rJr\/;; d)yzx—\/;.

70. Ngudi ta dinh 1am mot c4i hop hinh tru bang tén c6 thé tich V' cho triée. Tim

ban kinh ddy r va chiéu cao / ctia hinh tru sao cho tén it nguyén liéu nhat.

61
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71.

74.

5.

62

Chu vi cia mét tam gide 1a 16cm, dé dai mét canh tam gidc 14 6cm. Tim do
dai hai canh con lai ciia tam gidc sao cho tam gidc ¢é dién tich 16n nhét.

Hiéng ddn. Cé thé d4p dung céng thite Hé-rong (Héron) dé tinh dién tich
tam giac :

Néu tam gidc ABC c6 dé dai cdc canh la a, b, ¢ thi dién tich ctia né 1a

y= Jp(p —a)(p—>b)(p— ¢), plantra chu vi tam giic.

. Cho him s6

17
2

a) Khao sat sir bién thién va vé& do thi ctia ham sé da cho.

(x) = l_r3 _2x2 4
.f 3

b) Chitng minh rang phuong trinh f(x) = 0 ¢6 ba nghiém phén biét.

. Cho ham s6

Filx)= X+ px +q.
a) Tim diéu kién d6i v6i p va ¢ d€ haim s6f ¢6 modt cuc dai va moét cue tiéu.
b) Chitng minh rang néu gi4 tri cue dai va gid tri cue ti€u trai dau thi phuong trinh
,1'3+px+q=0 (1)
c6 ba nghiém phan biét.
¢) Chimg minh ring diéu kién cin va di dé phuwong trinh (1) ¢6 ba nghiém
phan biét la
4[)3 + '27(;2 <.
Cho ham s6
f)y= x> -3x+1.
a) Khdo st su bién thién va vé dé thi cia ham sé.
b) Viét phuwong trinh ti€p tuyén cta dé thi tai di€ém uén U clia né.
c) Goi (d,,) la dudng thang di qua diém U va c6 hé s6 géc m. Tim cdc gi4 tri
clia m sao cho dudng thang (d,,) cat dé thi ctia ham s6 di cho tai ba diém
phan biét.
Cho ham sé

= . (m + 1).1vf2 + m.
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76.

7.

a) Khao sit sir bién thién va vé dé thi ctia ham sé véi m = 2.

b) Tim cdc gi4 tri clia m sao cho dé thi ctia him s& cat truc hoinh tai bén
di€m, tao thanh ba doan thang cé d6 dai bang nhau.

Cho ham s6 f(x) = -2
a) Khao sat sir bién thién va vé& do thi ciia ham sé da cho.
b) Tir d6 thi cia hAm sé y = f(x) suy ra cich vé& d6 thi cia hAm s6 y = |f(x)| ;

Cho him s6

x —4m

I 2(mx — 1)

c6 d6 thila (H,).
a) Khao sat su bién thién va vé dé thi cta ham sé véi m = 1.

- = - o . 1 - b a L b
b) Chitng minh rang v6i moi m# J_ri, cdc dudng cong (H, ) déu di qua hai
diém c6 dinh A va B.

c¢) Chirng minh rang tich cdc hé s6 géc cua céc ti€p tuyén véi (H ) tai hai

diém A va B 1a mot hang s6 khi m bién thién.

78. a) V& d6 thi (9) clia ham s6 y = - x+1 va dé thi (/) cia ham s6

79.

b) Tim giao diém cta hai dudng cong (P) va (‘H). Ching minh ring hai

duwrdng cong dé cé ti€p tuyén chung tai giao di€ém cta chiing.
¢) X4c dinh cic khoang trén d6 (9) nam phia trén hoic phia duéi (H).

Cho ham s6

- - rad

a) Khdao st su bién thién va vé dé thi (¢) ctia ham s6.
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30.

31.

33.

b) Ti€p tuyén cha dudng cong (¥) tai diém M (x4 ; f(x,)) cat tiém can ding
va tiém can xién tai hai diém A va B. Chitng minh rang M 13 trung diém ciia

doan thang AB va tam gidc OAB c6 dién tich khéng phu thude vao vi tri clia

diém M trén dudng cong (¢).

Bai tap trac nghiém khach guan

Trong moi bai tdp dudi day, hay chon mét phitong dn trong cdc phicong dn da
cho dé duoc khang dinh diing.
3 2
, X X 3
Hamso6 f(x) = — - — - 6x + —
f(x) 3 2 4

(A) Dbéng bién trén khoang (-2 ; 3) ;

(B) Nghich bién trén khoang (-2 ; 3) ;

(C) Nghich bién trén khoang (- ; -2) ;

(D) Déng bién trén khoang (-2 ; +»).

Ham s6 f(x) = 6x° —15x% +10x° = 22

(A) Nghich bién trén R ;

(B) B6ng bié€n trén khoang (— ;0) va nghich bién trén khoang (O ;+o) ;

(C) Déng bién trén R ;
(D) Nghich bién trén khoang (0 ; 1).

. Hims6é y = sinx — x

(A) Déng biéntrén R ;

(B) B6ng bié€n trén khoang (- ; 0) ;

(C) Nghich bién trén khoang (—o0 ; 0) va déng bién trén khoang (0 ; +0) ;
(D) Nghich bién trén IR.

Ham s6 f(x) = P =3x% - 9x+11

(A) Nhan diém x = —1 1am diém cuec tiéu ;

(B) Nhan diém x = 3 lam diém cuc dai ;

(C) Nhan di€ém x = | 1am diém cue dai ;

(D) Nhan diém x = 3 1Am diém cure ti€u.
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84. Ham s6 y = xt—4x’ -5
(A) Nhan diém x = 3 1am diém cure tiéu ;
(B) Nhan diém x = 0 1am diém cue dai ;
(C) Nhan diém x = 3 1am diém cuc dai ;

(D) Nhan di€ém x = 0 1Am diém cure ti€u.

85. S6 di€ém cure tri cia hAm s6 y = oot -3 1

(A) O; (B) 1; © 3, (D)
2 ==
86. S6 diém cuc tri clia hAm s8 y = B - ?iIIJr < 1a
(A) O; (B) 2; L) 13 (D)

87. Ham s6 fcé dao hdim B F'(x) = x2(x + 1)>2x - 1).
S6 diém cure tri clia hAm s6 13
(A) 1; (B) 2; (© 0; (D)
88. Hims6 y= x —sin2x + 3

. T . . _
(A) Nhian diém x = o 1Am diém cure tiéu ;

* A n % 4 *
(B) Nhan diém x = — 1am di€ém cuc dai ;

2

d m .. . .
(C) Nhan diém x = e lam diém cure dai ;

- T[ . - . 7
(D) Nhan diém x = —— lam diém cuc tiéu.

2
89. Gi4 tri 16n nhat cia hims6 y = —341 — x 14
() 3 ; (B) 1; (© -1; (D)

90. Gia tri nho nhat cua ham s6 y = 3sin2x — 4cosx la

(A) 3; B) —5; © -4, (D)

Y

91. Gid tri 16n nhét cia hAm s6 f(x) = 2x° + 332 —12x + 2 tén doan[-1; 2] la

(A) 6; (B) 10; (©) 15 (D)
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92. Gia tri 16n nhAit cia hAm s6 f(x) = \/—,rz —2x+3 1a

A) 2; B) 2 ; (©) 0; (D) 3.

o2x% —3x+ 4

93. Goi (¢) 1a d6 thi cia hAm s6 y = 57

(A) Puong thang x = —1 14 tiém can dimg clia (¢).
(B) Budng thang y = 2x — 1 1a tiém céan xién clia (¢).
(C) Duodng thiang y = x + 1 13 tiém can xién ctia (¢).
(D) Budng thang y = x — 2 1a tiém can xién cia (¢).

,1‘2 + 3
R S =2t

94. Goi (‘¢) 1a d6 thi cia hAm s6 y =

(A) Puong thang x = 1 1a tiém can ding cta (€).
2 | _ ,
(B) Duong thang x = =5 la tiém cén ditng cua (¢).

(C) Buong thiang y = 1 14 tiém cAn ngang clia (¢).

(D) Buong thang y = —x + | 14 tiém can xién cta ().

,1'2 +x+ 2

sl Py By

95. Goi (¢) 1a d6 thi cia hAm s6 y =
(A) Puong thang x = 2 1a tiém can ditng cta (€).
(B) Durong thang y = x — 1 1a tiém can xién clia (¢).

" | >
(C) Duong thang y = = la tiém cin ngang cua (¢).

’ 1
(D) Dutng thang y = i la tiém cin ngang cua (¢).

1
x — 1

96. D6 thi cia ham s6 y = x +

(A) Cat duong thang y = 1 tai hai diém ;
(B) Cat dudng thang y = 4 tai hai diém ;
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(C) Tiép xtic véi dudng thang y =0 ;
(D) Khéng cat dudng thang y = —2.

97. Xét phuong trinh X +3%=m.
(A) V61 m =5, phuong trinh da cho c6 ba nghiém.
(B) V61 m = -1, phuong trinh ¢6 hai nghiém.
(C) Vo1 m = 4, phuong trinh c6 ba nghiém phéan biét.
(D) Véi m = 2, phuong trinh ¢6 ba nghiém phan biét.
X —=id
Z2X &

(A) Nhan diém [—% : %} lam tAm do1 xitng ;

98. D6 thi ham sé y =

) 1 —_
(B) Nhan diem (—5 : 2] lam tAm doi xirng ;
(C) Khoéng cé tAm doi ximg ;

(D) Nhan diém [% : %] lam tAm doéi xing.

99, S6 giao diém clia hai dudng cong y = X - x2-2x+3va Y= x oexde 1 I

(A) 0; B) 1; © 3; (D) 2.

- - ] . 5y - l =, A - P - -
100. Cac d6 thi cua haiham s6 y =3 —-—=—va y = 4x* ti€p xiic véi nhau tai diém M
X

c6 hoanh do6 la

(A)x=-1; ()= 17 .5 16 (D)x:%.
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LUY THUA VOISO MU HUU TI

1. Luy thua véi s6 mii nguyén
Nhac lai rang v&i moéi s6 nguyén duong #, luy thira bic n clia s6 @ (con goi 1a

luy thira ctia @ v6i s6 mii n) 14 s6 " x4c dinh bdi

a' = aa..a véin > 1,
oy
nthira s6
I _
a =a.

a duoc goila co sé, n duoce goila sé mii cna luy thita a” .

3
H1| 7inn @] JEamy, ot

Dé c6 kh4i niém luy thita v6i s6 mil nguyén, ta con phai dinh nghia luy thira
vl s6 mii 0 va s6 mil nguyén am.

a) Luy thira véi s6 mi 0 va s6 mi nguyén Am
DINH NGHIA 1

Véia#0, n=0 hoac n1a mét s6 nguyén am, luy thira bac n cua
ala s6 d" x4c dinh boi

y = JRD SR N (S
Vidul. (-3) ® 2?,(\/5) -1,

Vi du 2. Néu sir dung luy thira v6i s6 mii nguyén ctia 10 dé bi€u dién mot s6,
chang han s6 2418,93 duéi dang :

2418,93=2.10> +4.10% +1.10+8.10° + 9.107! + 3.1072

thi ta thdy trong tdng trén, mbi s6 hang c6 dang .10, s6 mii k chi rd vi trf
ctia chif s6 a trong biéu dién thap phan cta s6 di cho. Chang han, véi k = —1
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thi chir s6 @ & hang phin mudi, véi & = 0 thi chir s6 ¢ & hang don vi, vdi
k =1 thi chir s6 @ 6 hang chuc, . . . .

CHUY

1) Cac ki hiéu 0’ , 0" (n nguyén 4m) khéng c6 nghia.
|

_—H
a

3) Nguwdi ta thudng ding cdc luy thira cia 10 véi s6 mil nguyén dé
bi€u thi nhirng s6 rit 16n va nhitng s6 rat bé.

2)Véia#0van nguyén, tacd ¢" =

Chang han
Khéi lwong ctia Trai Dat 1a 5,97.10% ke,

Khéi lwong nguyén tir cua hidrd la 1,66.1 g4 g,
Tro choi Rubie (Rubik) c6 hon 410" c4ch sap x€p.
b) Tinh chit cia luy thira vé6i s6 mi nguyén

Quy tdc tinh

Tir dinh nghia luy thira v6i s6 mil nguyén ciia mot s6, ta thiy cdc quy tac tinh
todn cho lu¥ thira véi s6 mii tur nhién van con ding véi s6 mii nguyén. Cu thé
ta c6 dinh 11 sau day.

DINH LI 1

Véi a # 0, b # 0 va véi cac s6 nguyén m,n , ta c6

i

X (# -
1) {Im.ﬂ'” - am 1 1 2) - Hm i ,
l_’]”
i
3) (am) — amﬂ , 4) (Hb)H: -:’IHfTH ;

5) [El s
b B

Ta chitng minh céng thirc 5).

Véi n = 0, cong thite hién nhién ding.
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Véin < 0, tacd—nla s6 nguyén duong. Do d6

b_”
Cac cong thire khac duoe chimg minh twrong tur.

(HT‘_ [ R
b [H]—n G0 50 5

H2| Ching minh céng thie 1) cda dinh Ii 1 cho truong hop m >0, n <0 va

m > |r.'|.

So sanh cac luy thita

DINH LI 2

Cho m, n 1a nhirng s6 nguyén. Khi dé
1YVéi a>1thi a” >a" khivachikhi m >n

2)V6i 0 <a <1 thi @ >a" khi vachi khi m < n.

Tirdinh i 2, ta c6

HE QUA 1

V6i0 < a< bvamlasénguyén thi
1) a™ < b™ khivachikhim>0;

2) a™ > b" khi va chi khi m < 0.

Chitng minh
a

b
V]O--:a-cibnéng::*lvﬁocigﬂil.

m 0
Theo 1) cua dinh 1i 2, ta ¢6 [g] > {gj < m > 0, hay

I

a” <b" o m>0.

m 0
TmumcmdthZmCéﬁﬂ }[gjcjm{Ome

a” >bh" o m<0. O
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Tirhé qua 1, ta ¢6 thé chitng minh diroc hai hé qua sau :

HE QUA 2

Véi a < b, nlasoé tunhién 1€ thi

a’ < b".

HE QUA 3

Véi a, b 1a nhitng s6 duong, n 1a moét s6 nguyén khac 0 thi

a”" = b" khivachikhi a = b.

H3| ©o6 phai (0,99)2.99 =992 va (0,99)"'.99 > 997

2. Can bac n va luy thia véi s6 mit hiru t1

Ta da cé khai niém can bac hai, cdn bic ba cua mot s6. Sau day, ta xét khai
niém can bic n clia moét s6.

a) Can bac n
DINH NGHIA 2

Véi n nguyén duong, can bac n cua s6 thuc @ 1a s6 thue b
sao cho

b" = a.

Ta thira nhan hai khang dinh sau day.
o Khi nla sé'lé, méi sé thie a chi ¢6 mét can bdc n. Can d6 duwoce ki hiéu
a &a .
e Khi nla s6 chdn, mdi s6 thue dirong a cé diing hai cdn bdc n la hai sé doéi
nhau. Can c6 gia tri duong ki hiéu la -’\I/; (con goi la cdn s6 hoc bdc n cna a),
can c6 gi4 tri am ki hiéu 1a 4 . Dac biet, ¥a duoc ki hiéu don gian 13 vfa.
Vidu: S6 32 chicé mot can bac nam 1a A2 =2 ; 80 64 c6 hai can béc sau

1a $f64 =2 va —§f64 = 2.
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Nhdan xét

1) Can bac 1 cua s6 a chinh 1a a.

2) Can bac nctias6 0 1a 0.

3) S6 Am khoéng c6 can bac chan vi luy thira bac chan cia mot sé thue bat ki 1a
s6 khéng am.

4) Vi n nguyén duong 1é, ta c6
-’{E >0 khia>0;
a <0 khia<0.

7 a khinlé
5) I aﬂ' 5 {

lal khin chan.

Mot sé tinh chdt cua cdn bdc n
Tir c4c tinh chat cta luy thira véi s6 mii nguyén durong, ta cé thé chirng minh

dwroc cdc tinh chat sau day.

Véi hai s6 khong am a, b, hai s6 nguyén duong m, n va hai s6
nguyén p, g tuy v, ta co

1) &ab = &a ib ;

a Q/E _
2)\/;:% (h>0);
3y o = (W2)" @>0);

4) qr’% — m% ;
5) Néu §:% i Ya? = Wt (@>0).
Dic biet %z = "WYa™.

Céc tinh chat 1), 2), 3) da duoc biét d€n doi véi can bac hai va can béc ba.

Ta chitng minh tinh chat 5).

GiasetVa’ =xva¥a’ =y. Via>0nénx>0,y>0.

Ta cé X" =al, y" =a?. Do db

X = P = ym;;r_
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Mat khic, vi ELc ng = mp. Boi vay, tir X" =y" vax >0, y> 0.
noom

suyra X = y.

Hoc sinh tir chitng minh tinh chat 4). O

Vidu3
T e =nal == ’ 1 ’81 V8l 3

o) Y729 = §729 = 3. &) Y128 = (Y 123)3 03 =g
o) Wios = A7 =37,

H4| Ching minh rang

a) Néu n la sé nguyén duong lé vaa < b thi Ya < ib ;

b) Néu n la sé nguyén duong chan val < a < b thi 4a < b
b) Luy thira v6i s6 ma hiru t1
DINH NGHIA 3

Cho a la mét sé6 thue duong va r 1a moét s6 hiu ti. Gid sir

”] -~ Sy 3 ) ] S - ay
r=—, trong dé6 m la moét s6 nguyén con n 1a moét s6 nguyén
n

duwong. Khi d6, luy thira ctia @ v6i s6 mii 712 s6 ¢’ x4c dinh bdi

m
r B nf m
q =gt =g

i

= -

Nhdn xét. Tir tinh chit 5) cla can bac n, ta suy ra rang s6 a' = a” 1a xéc
. m

5 A s o - « . at = ? * % A
dinh, khoéng phu thuéec vao phin s6 — biéu dién s6 hittu t1 r, titc la néu
n
: m m'
m m ~ N o 7 i 7 P o Py B
r=—=—thia”® =a” . Do dé trong biéu thirc @ véi rla mét s6 hitu ti,
n n

ta thudng viét r dudi dang phéan s6 toi1 gian ¢6 miu duong.
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Vi du 4
2

1
28 = Ys2=36a =4, b)2‘?3=s/32?":..3%:%.
I

c) an = % (a duong, n nguyén duong).

e C6 thé chitng minh dwroce rang luy thira véi s6 mil hitu ti (ctia s6 thue dwong)

c6 day dn cac tinh chat nhu luy thira véi s6 mil nguyén da néu & trén.

Vi du 5. Cho a, b 1a nhirng s6 thue dwong. Ta ¢6

% 3 L
a3b+ ab3  abla® + b3)
—_—— = : — = ab.
Ja+ b i L
a3 + b3

~ P m . i m ~
Gau hoi va bhai tap
Trong cdc khang dinh sau, khang dinh nao ding, khang dinh nao sai ?

a) Vi s6 thue a va cdc s6 nguyén m, n, ta cd

FH

a ;
am ﬂn - am.}! . e H.F‘?.'.H‘.

a

It

b) Véi hai s6 thuc a,b cung khac 0 va s6 nguyén n, ta cé

b bn

c) Véi hai s6 thue a,b thoamdn O < a < b va s6 nguyén n , ta co

(ﬂb)” — {?an , (E] — ﬂ_

a' <b".

d) Véi s6 thue ¢ khac O va hai sé nguyén m, n, ta c

Néu m > n thia” > a”.
Xét khang dinh :

" o o~ ~ - ’ -~ 7 # ! 'S n
Vo6is6thuc avahaisé htuti r, s,tacé (a ) =a ",
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Vi diéu kién nio trong cdc diéu kién sau thi khang dinh trén ding ?

(A) a bat ki ; (B) a # 0 ; (C) a>0 ; (D) & = 1.
3. Viét cdc s6 sau dudi dang s6 nguyén hay phan s6 toi gian :
) A iy (~18)% 5
T 14 ; = i - E——
3 S 15%3

4. Thuce hién phép tinh

. L
S [ ) 3 1 )5
-0.75 . ;
2) 81 +[125] [32] ‘

| 2 |
W , 2 . ,
b) 0,001 3 — (=2)2.643 —8 3 4+ (9%

2 (YO o
3 5 _ -
c) 27 +[1 6] 2597

-]—
. . 2
d) (=0,57* — 625%% — [2%] +19(=3)72.

5. Don gian biéu thitc (véi a, b 1a nhitg s6 dwong)

| 7 5

4 - _— _— R i

(\hrjbz )4 a’ —-a’> a3 -a?

a) ; b) :

2.6 1 4 2 _I

EH” b at —a’ a3 +al
6. So sanh cac s6:

a)ﬁvﬁl:\vg; b)s/ng%/?Evﬁﬁ;c)%ﬁervﬁer@.

7. Chimg minh 37 +5v2 + 37 -5J2 = 2.
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/

J
%-a /TINH GAN BUNG CAN BAC n CUA MOT SO
*~" THAP PHAN BANG MAY TiNH BO TUI.

C6 thé diing may tinh bd tii chdng han, may tinh CASIO f-500 MS dé tim gia tri gan
dling can bac n ca mét sé thap phan.

Vidu 1. D& tim -\223,425 , ta an lién tiép cac phim sau :

J|23[]425

Khi d6, trén man hinh hién sé 4.839938016 . Lam tron dén chir sé thap phan thir tu,

\J23.,425 ~ 4,8399,

Vi du 2. D& tim 3/8,532 , ta 4n lién tiép cac phim sau :

ta dugdc

SHIFT

Y18[]532[H

Trén man hinh hién sé 2.043385382. Lam ftron dén chir sé thap phan th(r tu,

4.3/8,532 ~ 2.0434.

Luu y - Khi an lién tiép hai phim |[SHIFT

ta dugc

T

ta méi dugc phim %/_

Vi du 3. Bé tinh 4320 , ta an lien ti€p cac phim sau :

7 [sEIET] [ | 3 2 0 [H].

Trén man hinh hién sé 2.279 704562. Lam tron dén chir sé thap phan th{r tu, ta dudc

1320 ~ 2,2797.

Luu y - Khi an lién tiép ba phim 7

(D8 tinh 32>% tadn 3 2

A

Nhu vay 32°2 = 65536.)

SHIET

%/_

[B]. 2 |

., ta madi dudc phim 2/_

. Trén man hinh hién sé 65,536 .
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Luyen tap

8. Don gian biéu thire
\/E - \/_ \/E + \/: — b a—+b
"Vl Tl %’/E B T+
c>[Jf+3_ «/_] Ja -y ) —— ‘g_:/l_
ad +a?
9. Tirtinh chat cia lu§ thira véi s6 mii nguyén duwong, chirng minh
Mab = %% (a = 0, b = 0, n nguyén duong).
10. Chitng minh
a) W+ 243 —J4- 243 =2 ; b) 39+ +/80 + 39— /80 = 3.
11. So sanh cdc s6

5
2) (v3) § va 33";‘/% -, b) 3%%va 57 ;

=l 3
) [E) va 2214 . d) 729 va 440,

LUY THUA VOISO MU THUC

78

Khai niém luy thua véi s6 mii thuc

Ta da dinh nghia luy thira véi s6 mii hitu ti. D& dinh nghia luy thira véi s6 mi
thire tuy ¥, ta con phai dinh nghia lu§ thira véi s6 mil vo ti.

Cho s6 v6 ti @. Ta thira nhin rang bao gid ciing ¢6 moét diy s6 hitu ti
s By ooy Iy, .. ma limrz, = @. Chang han, véi

= 2 =1,4142135..
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ta co day n=1: =14 ; n=141 ; np=1414 ;| 1y =14142 ;
= 1,41421 ; ..va limr, = &2 .

e Cho a 12 moét s6 thue dwong va o 12 moét s6 vo ti. Xét diy s6 him ti
s s e Iy oo m limr, = o . Khi d6, ngudi ta chitng minh duoce rang day

s6thuc a'', a, ..,a", ... c6 gidi han xdc dinh (khéng phu thuée vio day
s6 hitu ti (r,) da chon, titc 1a néu con c6 diy hiu ti (r)) ma limr =
thi lima™ = lima'). Ta goi gi6i han d6 14 luy thita cia a véi s6 mi «, ki

hiéu 12 ¢“ . Vay

a® = lim a™.
n—»+ol
Vidul
2 1 £161 han cta day s6
1; 14; 1,41 ; 1,414 ; 1,4142 141421 ; ...
nén 10“{fE la gi6i han cia diay s6

Gid tri cna 10\@ bang 25,95455352....

GHI NHO (vé co s6 cta lu§ thira)

1) Khi xét luy thira véi s6 mii 0 va s6 mi nguyén am thi co s6
phai khac 0.
2) Khi xét luy thira v6i s6 mi khéng nguyén thi co sé
phai duong.

e Noudi ta chitng minh dwroc rang luy thira véi s6 mil thue (ctia mot s6 dirong)
cé day du cdc tinh chat nhu luy thira véi s6 mii nguyén da néu trong $1.

Vidu 2

a) Véi a 1a s6 duong, ta cé

(HJ5+|)J§—| 4

a
- i ; ~ ] 4 —
a‘? “E.a 3442 d
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2.

80

b) D€ so sdnh cdc s6 16"/3 va 43‘5, ta dira vé so sdnh hai luy thira ciing co s6.
Ta 66 163 =22 do d6ta so sdnh 293 va 2.
Vi (232 =223=12, 3J2)2 =322 =18 nén 24/3 < 342 . do dé
423 g3V h1n 16V <432
7 35

145
I+43 3
H1| Tinh | 2 2 :

Cong thurc lai kép

Giri tién vio ngan hang, ngoai thé thitc 1ai don (titc 1a tién 14i cua ki trude
khéng diroc tinh vao vén cua ki k€ ti€p, n€u dén ki han nguoi giri khong rat 13i
ra), con cé thé thite /di kép theo dinh ki. Theo thé thitc nay, néu dén ki han
ngudi giri khéng rit 14i ra thi tién 1ai duoe tinh vao von cna ki k& ti€p. Néu
mot ngudi giri s6 tién A véi 1di suat r moi ki thi dé thid'y sau N ki s6 tién ngudi
iy thu duoc ca von lan 13i la

C = Al + V. (1)

(C6 thé chitng minh bang quy nap theo N ).

Vi du 3. Theo thé thitc 13i kép, mot ngudi giri 10 triéu déng vao ngan hang.
a) Néu theo ki han 1 nam véi ldi suit 7,56% mo6t nam thi sau 2 nam nguoi dé
thu duoc moét s6 tién 12

10.(1+0,0756)% ~ 11,569 (trieu déng).
b) Néu theo ki han 3 thang véi 13i suat 1,65% mot quy thi sau 2 nam ngudi dé
thu duoge mot s6 tién 1a

10.(1+0,0165)% ~ 11,399 (trieu déng).

H2| Mot nguoi dau tu 100 triéu déng vao mot céng ti theo thé thure 1ai kep voi 1ai
sudt 13% moét nam. H6i sau 5 nam mdi rdt 1ai thi ngudi do thu dude bao nhiéu tién
lai ? (Gia str rang lai sudt hang nam khéng doi).
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Cau hai va bai tap
12. Xét ménh dé : "Véi cic s6 thue x,a, b, néu 0 < a < b, thia* <b*".
Véi diéu kién nao sau diy cua x thi ménh dé dé1a ding ?
(A) x batki; (B) x>0 % (C) x <0.
13. Xét ménh dé : "V&i cdc sé thue a, x, y, néu x < y,thi a* <a’".
Véi diéu kién nao sau diy cua a thi ménh dé dé 1a ding ?
(A) a bat ki ; (B) a >0 ; (Cy.ais 1.
14. Cho céc s6 thuc @, x, y v6ix < y. Hiy tim diéu kién ctia a d€ a* > a” .

15. Tinh cac biéu thitc

16. Don gian cdc biéu thitc

()™
a‘E'j . ad_“ﬁ |

a

17. Mot ngudi giri 15 triéu déng vao ngan hang theo thé thite 1di kép ki han 1 nam
véi 141 suat 7,56% mot nam. Gia str 13i suat khong thay déi, hoi s6 tién ngudi
d6 thu duoc (ca vén 14n 13i) sau 5 nam 13 bao nhiéu triéu déng ? (Lam tron
dén chir s6 thap phén thi hai).

Luyen tap

18. Viét c4c biéu thite sau dudi dang luy thira ctia mét s6 véi s6 mii hiru ti :

2 23 (>0 ; b) 15’*’?:%/% (@>0,b>0):
11
c) #%S%J% : d) \jax‘mla\/; i aﬁ (a = 0).
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19. Don gian biéu thitc

241 Bl
. H-z«ﬁ{ } ; b) a*® a3 ;
H--\E—I h-\ﬁ—l ph2
W2 _ N3 Ly
c) - 9 e d) (.1‘75 + ym)z ~ | 4% xy

2
(aﬁ s hﬁ)
20. Tim cdc s6 thue @, thoa man tirng diéu kién sau :
l & | -a |
a)a(a g~y =] (=0 b3 =sdT,

21. Giai cdc phuong trinh sau bang cach dat ¢ = 3./;

a)Jx + ¥ =2 ; b)Jx-3¥x+2=0.

22. Giai cac bat phrrong trinh sau :

a) x' <3 xt>7: ox">2: A <5,

LOGARIT

w

Trong bii nay ching ta s& tim hi€éu mét trong nhitmg phép todn quan trong cé
nhiéu tng dung trong thurc tién, d6 14 16garit.

1. Pinh nghia va vi du
Trude tién, ta ¢6 nhitng luu ¥ sau vé luy thira clia co s6 a

Cho s6 a dirong. V&i mbi s6 thue e tuy v, ta luén xdc dinh duoc lu thira a®.
Hon nira, ta cé

a® 13 mot s6 dwrong ;
Neua=1thia®* =1 =1véimoi @ € R ;
82

baitap365.com



Néu a > 1 thi % < aﬁ khivachikhi ¢ < 8 ;

Néu 0< a <1 thi a® < a” khiva chikhi & > B.
Tir do, suy ra
Néu0< a# 1 thi a* = @ khivi chikhi a = 8.
Newoc lai, ta thira nhin rang khi @ 13 mo6t s6 duwong khic 1 thi véi méi s6
dwong b, cé motso a dé
=

Theo luu y & trén, s6 « dé 1a duy nhat. Tir dd, ta ¢é dinh nghia sau :

DINH NGHIA 1

Cho a 1a mét s6 duong khic 1 va b 1a mét s6 duwong. S6 thue o

dé a®* = b duoc goi 12 légarit co s6 a cia b vd ki hiéu 1a

log, b, tirc 1a
a=log, b a*=b.

Vidu 1

1 1

5 D 1 )
log,; 100 = 2 vi 10 2100;10gmm=—2 vi 10 :102:100-

CHUY
1) Khéng cé 16garit cta s6 0 va s6 am vi ¢“ ludén dwong véi
moi « .
2) Co s6 cua légarit phai duwong va khac 1.
3) Theo dinh nghia 16garit, ta c6

log,1 =0,log,a=1;
log, a” =b,¥bh e R : (1)

a'%” =p Ybhe R, b>0. (2)

Hai cong thite (1) va (2) néi lén rang phép 1ay 16garit va phép nang 1én lu§ thira
14 hai phép todn nguoc cna nhau. Cu thé, véi s6 a diwong khéac 1 ta ¢6
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Véi moi s6 thue b

/
by > d ) » log, a’ = b;

ning 1én luy thira 14y l6garit co s6 a
cosO a

Véi moi s6 thue b duong

h! > log, b ! > 08" = p
|4y l6garit co s6 a nang 1én luy thira

co s a
Vidu 2
I e
lag3%/§= log; 33 :% ; log, 4 = log, [l] = =2.
2 2

H1| Tinh

| 1

8) logy 5 . logig 7= b) 9'83!2 - g,125°80s"

H2| voi gia tri nao cia x thi logs (1-x) =2 ?

2. Tinh chat
a) So sanh hai logarit cuing co so

Tir nhitng Iru ¥ cia muc 1, dé dang chimg minh duwoc

DINH LI 1

Cho s6 dwong a khac 1 va cdc s6 duong b, c.

[)Khi a >1 thilog,b>log,c< b>c;

2)Khi 0 <a<1thilog,b>log,c < b <ec.

Ta chitng minh 1).

Vi a > | nén, theo luu ¥ clia muc 1, ta cé

log,, B

log, b>log,c < a >a'% & b
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H3| Hay chimg minh 2).
Tir dinhlil,tacdé

HE QUA

Cho s6 a dwong khac 1 va cdc s6 duong b, c.
1)Khi @ > 1 thi log,b>0& b > 1.
2)KhiO<a<lthilog,bh>0& b <1,

3)log,b=log,c < b=c.

2
Vidu 3. Hay so sdnh log, 3 va log

J

3
2 5
2

Giai. Vi % <1 va % < 1 nén logE% 2 logil =6

5 5
¢ 3 g D A
VIE}I vagczzl nﬁnlngigﬁilogilz[].
2 2
2 3
Tir dosuy ra lﬂgsgblugsg.
5 2

b) Cac quy tac tinh logarit

Tir dinh nghia l6garit va tinh chit cna luy thira, ta suy ra cdc quy tac tinh
|6garit.

DINH LI 2

V6i s6 a duong khac | va cdce s6 duong b, ¢, tacd
[) log, (bc)=log, b+ log, ¢ ;
b

2) 1Dgﬁ (_] = 1Dga b — lﬂgﬂ C
¢

3) log, b* = alog, b.
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CHUY

Bang quy nap, suy ra rang véi cdc s6 duong by, by, ..., b

., b, taco

log,(byb,...b,) = log, b + log, b, + ...+ log, b

i

H4| Khang dinh sau dung hay sai ? Vi sao ?

VX € (-0 ;-1), ng“(_‘t’z —1)=log,(x+1)+1log, (x-1).
Tir dinh 1 2 dé dang suy ra

HE QUA

Véi s6 a dwong khic 1, s6 dirong b va s6 nguyén duong n, ta ¢

1) loguéz ~log, b ;

5 165 85 = i,
n

Vidu 4
log;16  log; 16 log, 2 4log,2 3
log;15 - log; 30 log?% log, -l —log;2

H5| Tinh logs ﬁ—%logﬁ 12+ logs 50.

3. Doi co so cua logarit

Trong tinh toan, déi khi ta cin biét mo6i lién hé gitta nhitng 16garit véi co s6
khac nhau.

Sau day 14 cong thite déi co s6 clia l6garit.

DINH LI 3

Véi a, b 1a hai s6 duong khac 1 va ¢ la s6 dwong, ta cé

log, c
1 o= a
Hep log, b

hay log, b.log,c = log,c.
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Chitng minh
That vay, ta ¢ ¢ = b8 tir d6

log, ¢ = log,(h'°®) = log, c.log, b.
Vib#1 nén log, b#0,dodo

Tir c6ng thite d6i co s6 clia 16garit, véi ¢ = a, tasuyra

HE QUA 1

Véi a va b 1a hai s6 duong khic 1, ta ¢6

log, b= hay log, b.log,a =1.

log, a

Ciing trong céng thiic déi cosé db, véi b = a® (a#0), tacd

HE QUA 2

Véi a 1a s6 duong khic 1, ¢ 1a s6 duwong va a# 0, ta c6

1
10gﬂ,x £ = E.logﬁ B

Vidu3l. log, (10g3 4.log, 3) = log, (210g3 2.log, 3) =log, 2 = logz_;_ 2
E) 4 )
1 1

= _ilﬂgz 2 2—3-

; 3
HB| 7im x, biét logs x + logg x = 5

Nhdn xét. Nho cong thire d6i co s6 cna lo6garit, khi biét 16garit co s6 a, ta ¢
thé tinh dwoc 16garit co s6 bat ki. Chang han, ta ¢6 thé tinh duoc cdc logarit
cos0 2, cos6 3, . . . theo l6garit cosé 10.
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4.

88

Logarit thap phan va ung dung

Trong thue hanh ta hay dung hé dém thap phan (hé dém co s6 10) ; chinh vi vay
logarit thap phan (16garit co s6 10) chiém mot vi tri quan trong trong tinh toan.
Nam 1617 ngudi ta di xay dung dwoc bang 16garit thip phan dé tim gid tri gin
diing 16garit thip phan ctia moét s6 thuc dwong bat ki (xem bai Em c¢é biét
"VEé lich sir phat minh 16garit va bang 16garit” trang 91). Ngiy nay thay vi dung
bang, nguoi ta thudong dung may tinh bo ti.

DINH NGHIA 2

Logarit co s6 10 cna moét s6 duwong x duoe goi la logarit thap
phan cua x va ki hiéu 13 logx (hoac 1 lgx ).

Légarit thap phin cé diy du cac tinh chat cua 16garit véi co s6 16n hon 1.

e Trude khi c6 may tinh, dé tinh c4c luy thira véi s6 mii phitc tap, ngudi ta
thirong dung phuong phap "l6garit hoa" véi 16garit co sé 10 va cac tinh toan
dwroc thure hién nho bang sé.

Vi du 6. Dé tinh P 192 nguoi ta lam nhur sau :
— Tinh log 2,12
log 2,132 = 3,210g2,1 ~ 1,0311 ;
— Tirdé suy ra 2,1°% ~ 104! ~ 10,7424 . O

e Noudi ta con ding phirong phap "16garit hod" va cdc tinh chat clia 16garit dé
giai quyét mot s6 bai todn lién quan dén luy thira.

Vidu?7

Mot ngurdi giri 6 trién déng vao ngan hang theo thé thire 1di kép, ki han 1 nam
véi 1ai sudt 7,56% mot nam. Hoi sau bao nhiéu nam ngudi guri s€ c6 it nhat

12 triéu déng tir s6 tién giri ban diu (gia sir 141 suit khong thay déi) ?
Giai
Theo cong thitc 1di kép € = Al + )Y, sau N nam giri, ngudi giri s& c6 mot
so tién la
6(1 +0,0756)".
Tir dé, ta phai tim N sao cho

12=6(1+0,0756)". (1)
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LAy l16garit thap phan hai vé& clia dang thite (1), ta dwoc
logl2=logb+ Nlogl1,0756.

_ logl2 —logb _
Suy ra N = log1.0756 w0, 5.

Viy sau khoang 10 nam ngudi giri s€ cd it nhat 12 triéu déng tir s6 vén 6 triéu
déng ban dau.

e R6G rang khi x = 10" thi logy = n. Con v6i s6 x =1 tuy y, viét x trong hé
thiap phéan thi sé cac chir s6 dirng trude dau phay cua x la n+ 1, trong dé n la
phin nguyén cua logx, n= [logx].

That vay, vi 10" 14 s6 tir nhién bé nhit cé n + 1 chit s6 nén s6 cic chit s6
ditng trude ddu phay cha x bang n + 1 khi va chi khi 10" < x < 10", titc 1a

n<logx <n+1 ;diéu nay chimg tdo n = [log.r] ,

Vidu8. Dé tim s6 cdc chit s6 clia 22008 khi viet trong hé thip phan nguoi ta
lay gia tri gan ding cna log?2 1a 0,3010 va dwoc

[2008.10g 2] + 1 = [2008.0,3010] + 1 = [604,408] + 1 = 605..

Vay s6 22°% ¢4 605 chit s6.

H7| knhi vist 2'°% trong hé thap phan ta dudc mét s6 co bao nhidu chit s6 ?
(ldy gia tri gan dang cta log?2 la 0,3010).

Cau haoi va bai tap

23. Chon khang dinh diing trong cac khang dinh sau :

a) Co s6 cna l6garit 1a moét s6 thue bat ki ;

b) Co s6 cua l6garit phai 1a s6 nguyén ;

c) Co s6 cna l6garit phai 1a s6 nguyén dirong ;

d) Co s6 cua légarit phai la s6 duong khac 1.
24. Trong cdc khang dinh sau day, khang dinh nao diing, khang dinh nao sai ?

a) Co l6garit ciia mot sé thue bat ki.

b) Chi ¢6 l6garit cia mot sé thue dirong.
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c¢) Chi c6 16garit clia mot s6 thue duong khice 1.
d) Chi c6 16garit ctia mo6t s6 thure 16n hon 1.
25. Dién thém vé€ con lai cta dang thitc va bd sung diéu kién dé cé dang

thirc ding.
a) log,(xy) = ...; b)..=log,x —log, vy :
c) log, x% = ...; d) q'°8? - .
26. Trong méi ménh dé sau, hiy tim diéu kién ctia a dé c6 ménh dé ding :
a) log, x <log,y&e 0<x<y;
b) log, x <log,y < x >y >0.

27. Hay tim l6garit ciia méi s6 sau theo cosé 3 :

| |
3; 81y 15 35 I3 i
28. Tinh log, 125 ; logﬂjl : log, L ; log, 36.
3 i it 5
29. Tinh 388 . 33logs2 [l]mgzﬁ . (Ljhg”?
’ ’ 8 ’ 32 '

30. Tim x, biét

a) logsx =4 ; b) log,(5—x) =3 ;

c) logs(x +2) =3 ; d) log,(0,5+ x) = —1.

6

31. Biéu thi cic 16garit sau day theo 16garit thap phan (r6i cho két qua bang may
tinh, lam tron dé€n chir s6 thip phén thi hai) :

log;25 ; logs8 ; logg0,75 ; lnguﬁ],l?;.
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VE LICH SU PHAT MINH LOGARIT VA BANG LOGARIT

Légarit 1a phat minh clla Né-pe (J. Napier hay J. Neper
1550 — 1617) — moét dién chi vanha than hoc ngudi
Xcét-len. Né-pe bi toan hoc 16i cudn va éng coi toan hoc
la niém vui giai ti clia minh. Trong vong 20 nim troi,
nhimng lGc ranh réi, N&-pe da phat trién i thuyét |6garit va
6ng da trinh bay van dé nay trong moét cuén sach viét
bang chir La-tinh in n3m 1614 véi dau dé "Mé6 ta mot
bang |6garit ki diéu" (tir "16garit" cé goc la nhitng tir Hi lap :
logos nghia la fi 1&, arithmos nghia la s6). Ong hi vong
phat minh clia minh sé giup don gian hoa nhiéu phép
tinh trong thién van, dé la nhimng phép tinh doi hdi nhiéu
cong slrc va thai gian.

John Napier
(1550 — 1617)

Thuc té€, 16garit clia Né-pe da lam cudc cach mang trong thién van va trong nhiéu
linh vuc toan hoc bang cach thay thé viéc thuc hién "phép tinh nhan, chia, tinh cin
bac hai, caAn bac ba clia nhimg s6 I6n ma bén canh viéc tiéu phi thdi gian mét cach
té nhat, ngudi ta con hay bi nham lan" bang thuc hién cac phép tinh cong, trir don
gian nhimg sé tuong (mng. Phat minh cla Né-pe |a mét phuong thirc tiét kiém thai
gian dang ké.

Mot sé nha st hoc coi ring viéc st dung légarit dé don gian cac phép tinh da giup
nha thién van ngudi Dlc Gio-han Ké-ple (J. Kepler) phat hién ba quy luat chuyén
déng cla hanh tinh ma diéu nay lai giup nha vat i ngusi Anh Niu-ton (I. Newton)
phat hién Ii thuyét hap dan. Sau phat minh clla Né&pe 200 n&dm, nha toan hoc Phap
La-pla-xo (P. Laplace viét rang : Logarit, bang cach giam bét cong siic tinh toan, da
kéo dai tudi tho gap hai lan cho cac nha thién van.

Cac bang légarit ban dau cla Né-pe con nhiéu khiém khuyét. Mét nha toan hoc
ngudi Anh la Hen-ry Bric (H. Briggs) doc cong frinh clia Népe (bang chir La-tinh)
ngay sau khi né dugc céng bé, lap tiic thay dudc ¥y nghia clia phat minh ki diéu nay.
Bric viét thu cho Né-pe dé nghi gap g& trao d6i va néu ra nhiéu cai tién cho phat
minh d6. Hai nha toan hoc gap nhau vao mua hé nadm 1615. Bric dé nghi dinh nghia
lai 16garit thap phan (I6garit ca s6 10). Thuc ra, Né-pe c6 nghi dén diung co sé 10
nhung da khéng dd siic lam nén cac bang mdi. Né-pe dé nghi Bric xay dung cac
bang nhu thé.

Sau d6 hai ndm, cac bang légarit thap phan dau tién da dugc Bric xay dung. Né-pe
mat nAm 1617 trudc khi Bric hoan thanh cac bang d6. Nhi€u nha toan hoc da tiép
tuc xay dung cac bang légarit thap phan trong d6 cé bang clia Bra-di-xo ma ngay
nay chung ta van con dung.
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33

35

92

Khi viét sé thap phan duong « dudi dang ki hiéu khoa hoc a = 10", Véi
1<a<10,n € Z thi

loga=1loga+n. (1)

Nhu vay, chi can biét loga véi moi o thude [ 1 ; 10) thi sé tinh dugc légarit thap
phan clia mét s6 thap phan duong bat ki. Ngudi ta goi log a trong (1) |a phan dinh
tri, n la phan dac tinh cla loga. Trong cac bang s8, ngudi ta cho san gia tri
gan dung phan dinh tri log . Bang cla Bra-di-xo cho loga véi b6n chir s6
thap phan.
Vi du. Cho biét log2,319 ~ 0,3653. Tinh log23,19 va log 0,2319.
Giai
log23,19 = log(2,319.10) = log 2,319+ 1= 0,3653+ 1 = 1,3653 ;
log0,2319 = log(2.319.107 1) = 10g 2,319 -1

= 0,3653-1=-0,6347.

Luyén tap
. Hay tinh :
a) logg 12 — logg 15 + logg 20 ; b) %IDgT 36 — log, 14 — 3log, J21
C) lﬂgj 36 - I'ng 12 : d) 3610355 . 10I—1032 . 8]0313 .
1Dg5 9
. Hay so sanh :
a) log, 4 va 1034% ; by 38l vy 7l08s0-99
. Khéng dung bang s6 va may tinh, hdy so sanh
a) log2 + log3 véi logd ; b) logl2 — log5 véi log7 ;
c) 3log2 + log3 véi 2log) ; d)1 + 2log3 véi log27 .

. Trong mo6i trudng hop sau, hdy tinh log, x, biét log, b = 3, log, ¢ = -2

-

%70 a4 b
a) x = a>b’Je - b) x = ——.

C
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36.

38.

39.

40.

41.

Trong méi trudng hop sau, hiy tim x :

a) logyx = 4logya+ Tlogy b ; b) logs x = 2logs a — 3logs b.

. Hay bi€u dién céc 16garit sau qua @ va 3

a) logﬁSO,nE‘fu log;15= e, log;10 = B ;
b) log, 1250, néu log, 5 = a.

Don gian c4c biéu thitc sau :

| 4 1 5 . 5B
a) log§+§10g4 + 410g\/§ : b) 10g§+§10g36+510g§ ;

c) log72 — ZIDgFJr log/108 ; d) lng%— log0,375 + 21og+f0,5625 .

Tim x, biét ;
a) log . 27=3;  b) 1Dg_1_% =] c) log /5= —4.
S6 nguyen t6 dang M, = 27 — 1, trong d6 p 12 mot s6 nguyén t6 duoce goi 1a

s6 nguyén t6 Mec-xen (M. Mersenne, 1588 — 1648, ngudi Phép).
O-le phit hién My, nam 1750.

Luy-ca (E. Lucas, 1842 - 1891, ngudi Phap) phat hién M,,; nam 1876.

M, 398269 durgc phat hién nam 1996.
Hoi rang néu viét ba sé d6 trong hé thap phan thi moéi sé c¢6 bao nhiéu chir s6 ?

(Dé thiy rang s6 chir s6 ctia 2” — 1 bang s6 chir s6 ctia 2” va dé tinh s6 chir
s6 cia Mj,; c6 thé 14y log2~ 0,30 va d€ tinh s6 chit s6 clia M|39g549 €O thé
lay log2~ 0,30103 (xem vi du 8)).

Mot ngudi giri 15 triéu déng vao ngan hang theo thé thitc 141 kép ki han mot
quy voi 1ai sudt 1,65% moét quy. Hoi sau bao ldu ngudi dé cd duroc it nhat
20 trieu déng (ca vén lan 1ai) tir sé vén ban dau ? (Gia st 1ai sudt khéng
thay déi).
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“

SO e VA LOGARIT TU NHIEN

Cho dén bay gid, dudng nhur © 12 s6 vé ti quan trong nhit ma ta biét dén.
Trong bai ndy, ta s& dwoc bi€t thém mot s6 vo ti ciing quan trong khéng kém,

do lasd e. S6 e la giéi han lim (1 + T] , Xdp x1 bang 2,718281828... ; n6
X =00 -

xuét hién moét cach tu nhién trong Todn hoc, cting nhir trong doi séng. Chinh
vi vay légarit co s6 e con duoe goi 1a 16garit tu nhién. Trong cidc may tinh bo
tii, ngudi ta déu thi€t k& cdc phim bAm cho phép tinh gid tri clia c4c biéu thitc

e’ va log_ x (con ki hiéu 1a Inx).

1. Laikép lién tucvasoe

o4

Ta da biét : Néu dem giri ngan hang mot s6 von ban dau 1a A véi 131 suat moi
nam 1 r theo thé thire 1di kép thi sau N nam giri s6 tién thu vé ca von 14n 13i s&
a A1+ )V,

Gia sir ta chia m&i nam thanh m ki dé tinh 14i va giit nguyén 1di sudt méi nam

~ T B " o ~ ~ r ~ Ry ,_, ~
la r thi lai suat moi ki la — va s6 tién thu duoc sau N nam (hay sau Nm ki)

1
> Nm
la A[l +—j .
mn

H1| Cho A = 100 triéu déng, r = 8% nam, N = 2. Diang may tinh bé tui tinh sé tién
thu duoc ca vén lan 1ai sau 2 nam theo céac dinh ki sau day :

m =1 (dinh ki nam) ; m =2 (dinh ki 6 thang) :
m =4 (dinh ki quy) ; m = 12 (dinh ki thang) ;
m =52 (dinh ki tuan) ;  m =365 (dinh ki ngay).

Hién nhién khi tang s6 ki m trong moét nam thi s6 tién thu dirge sau N nam
(titc Nm ki) ciing ting theo. Tuy nhién nhu ta thay sau day, né khong thé tang
lén v6 han duoc.
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That vay, xét gidi han cua diy s6 sau (trong d6 A, r, N 1a c6 dinh)

5 Nm
LSTFH = A[l —|— E] f

Ta cd

2 Nm 1
Sm:A[H—] =Al|ll+— . (1)

mn

Dé xét gi6i han cuia diy (1), cin xét giéi han

Mot cach téng quat , ta xét gidi han

lim [1 - lj :
X —>+o0 X

Negudi ta chitng minh duoce gidi han trén tén tai, né 1a mot s6 vo ti cd gid tri
bang 2,718281828... va duoc ki hiéu lae. Vay

e = lim [1 + l] a2, F183. (2)
X =»+aD X
Tir (1) va (2), nguoi tasuy ra limS, = Ae™ .

e Thé thitc tinh 1di khi m — +w goi la thé thite ldi kép lién tuc.

Nhu viy véi s6 von ban diu 1a A, theo thé thire 13i kép lién tuc, 1ii suit méi
nam Ia r thi sau N nam s6 tién thu duoce ca vén 1an 1ai s€ 13

S de™, (3)
Coéng thire (3) duoc goi la cong thiic lai kép lién tuc.
95
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Vi du 1. Vi s6 vén 100 triéu déng giri vao ngan hang theo thé thic 14i kép
lién tuc, 1ai sudt 8% nam thi sau 2 nam s6 tién thu vé ca vén 1an 13i s€ Ia

100.62%% »~ 117,351087  (triéu déng). O

e Nhiéu hién twong tang trudong (hodc suy giam) ctia ty nhién va xa hoi, chang
han s tang dan s6, ciing duoc wde tinh theo cong thite (3). Vi vay cong thitc (3)
con duoce goi 1a cong thiic tang truong mi.

Vidu 2. Su tang din s6 dugc wde tinh theo céng thire (3), trong dé A 1a dan
s6 ctia nam ldy lam méc tinh, § 12 dan s6 sau N nam, r 13 ti 1é tang dan s6
hang nam (xem bai doc thém "Su tang trwdng (hay suy giam) mi" trang 110).
Biét rang ti 1é tang dan s6 thé€ gidi hang nam 14 1,32%, nam 1998 dan s6 thé
gidi vao khoang 5926,5 triéu ngudi. Khi dé du dodn dan s6 thé gidi nam 2008
(10 nam sau) s€ 1a

5926,5.e'009132 5 6762,8 (trieu ngudi).

2. Logarit tu nhién

96

DINH NGHIA

Logarit co s6 e ciia mot s6 duong a duoce goi 1a légarit tw nhién

(hay logarit Né-pe) cia s6 a va ki hiéu 1a Ina.

Logarit tw nhién ¢ day dua céc tinh chét cua 16garit véi co s6 16n hon 1.

H2| a) Dang céng thitc dbi co s6, hdy so sanh logx va Inx tuy theo céc gia trj cda x.

-3
b) Tinh gia tri ctia biéu thirc 1::.g.a?'“‘/ﬁ ~Inl0'08¢
Vi du 3. Biét rang nam 2001, dan s6 Viét Nam 1a 78685800 ngudi va ti Ié tang
din s6 nam dé 1a 1,7% va su tang dan s6 duoc wde tinh theo céng thire (3).

Hoi cir tang dan s6 vdi ti 1& nhu vay thi d€n nam ndo dan s6 nuéce ta & mifc
100 triéu nguoi ?

(siai. Theo baira, ta co
100 = 78,6858 217N (*)
LAy légarit tir nhién hai v€ cta (*) ta duoc

10100 = 111(78,6858.6”’””” )
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43.

43.

46.

Tirdé suy ra
~ In100 - 1n 78,6858

0,017 &

Vay néu cir tang dan s6 vdi ti 1é hang nam 1a 1,7% thi dén nam 2015 dan s6
nurde ta s€ & mire 100 triéu nguoi.

Cau hoi va bai tap

. Tim sai lam trong 1ap lu4n sau :

Ta cé Ine’ =2lne=2.1=2 va In(2e)=lne+ Ine=1+1= 2. Tir dé6 suy

2 \ .
A e = 22 maezlnéne=21
Biéu dién cdc s6 sau diy theo a = In2, b= In5 :

16 | 2 08 99
In500 ; lnﬁ - In6,25 ; h15 + lng + ...+ 111@ + lnm-

. Chirng minh

%111(3 S 1)) S ot Y 5 |y (N %111(\/5 “1)=0.

Sur tang trudng ciia mot loai vi khuén tuan theo céng thitc § = Ae”, trong dé
A 14 56 lrong vi khudn ban dau, r 1a ti 1é tang trudng (r > 0), 7 14 thdi gian tang
tredng. Biét rang s6 lwong vi khuan ban diu 1a 100 con va sau 5 gid ¢
300 con. Hoi sau 10 gid ¢6 bao nhiéu con vi khuan ? Sau bao lau s6 luong vi
khuin ban diu sé tang gip d6i ?

Cho biét chu ki ban huy cua chat phéng xa pluténi Pu®? 13 24360 nam (tic 13

mot luong Pu*® sau 24360 nam phan huy thi chi con lai mét nira). Suw phan

huy duoc tinh theo céong thitc § = Ae” , trong d6 A 1a lwong chi't phéng xa ban
ddu, r 14 t1 1& phan huy hang nam (r < 0), 7 1a thoi gian phin huy, S 13 lrong

con lai sau thoi gian phan huy ¢. Héi 10 gam Pu*® sau bao nhiéu nim phan

huy sé& con 1 gam ?

- A
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C6 thé ding may tinh b tui, chdng han may tinh CASIO fx - 500 MS, dé tinh luy thira
cia 10, clia e cling nhu l6garit thap phéan va légarit tu nhién clia mot s6.

Vidu 1. Tinh log3,63.

Pé tinh log 5,63, ta &n lan luct cac phim sau :

log| 5[] 6 3 [5].

Khi d6, trén man hinh hién sé
0.750508394.

Néu lam tron dén chir sé thap phan thir tu thi
log 5,63 ~ 0,7505.

Vidu 2. Tinh 107213,

pé tinh 107! ta an 1an Iuct cac phim sau -

SHIF'T

= [o 2 [ 13

Khi d6, trén man hinh hién sé
7413102413 % 10 %2,
Néu lam tron dén chir sé thap phan thir tu thi

10
Vi du 3. Tinh In4,83.

-2 13

~ 0,0074.

Pé tinh 1n 4,83, ta an lan luot cac phim sau :

Trén man hinh hién sé

m| 4[] 8 3 [5].

1.574846468.
Néu lam tron dén chir sé thap phan thir tu thi
In 4,83 = 1,5748.

Vidu 4. Tinh e'ﬁ.

Pé tinh e‘ﬁ, ta an lan lugt cac phim sau :

SHIET

e

| W] s ElL
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Trén man hinh hién sé
9.356469017.
Néu lam tron dén chir sé thap phan thir tu thi

e’E = 9,356).

@ LOGARIT TRONG MOT SO CONG THUC PO LUONG

a) Do pH trong hoa hoc

e Trong méi dung dich, néng dé ion hidrdé [H3O+] d3c trung cho tinh axit, néng dé
hidréxyn [OH ] d3c trung cho tinh bazad (kiém), (néng dé tinh bang mol/i).

& 25°C, tich [H30'] x [OH ] 1a mét hing s6 va béng 10" (d6i v6i moi dung dich).
Nuéc tinh khiét & 25°C ¢6 [H30'] = [OH ] = 10 '. N&éu néng dé [H;0'] 1én hon
10" thi dung dich c6 tinh axit, néng dé [H;0'] nhé hon 107 thi dung dich cé
tinh kiém.

Vi cac néng d6 nay la nhimng s6 rat nhd nén dé dic trung tinh axit (tinh bazad) clia
mét dung dich, ngudi ta xét chi sé (hay dd) pH,

pH = — log[H;0'].

(pH la chir dau clia nhém fir "potential of hydrogen" cé nghia la tiém luc cQa hidrd).
Nhu vay

pH < 7 néi |Ién rang dung dich cé tinh axit ;
pH > 7 néi |én rang dung dich c6 tinh bazo ;
pH = 7 ching t6 dung dich la trung tinh.
Vi du
Bia ¢6 [H3O+] =0,00008, do d6 c6 do pH la
pH =—-1log 0.00008 =5 - log 8 < /.
Rugu c6 [H30'] = 0,0004, do d6 c6 d6 pH Ia
pH =—-10g0,0004 =4 —logd < 7.
o
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Nhu vay, bia va rugu déu cd tinh axit, nhung tinh axit clia rugu I8n hon tinh axit
cla bia.

e Trong thuc t€, nganh thé nhudng rat quan tam dén dé pH clia mét ving dat dé tim
ra bién phap cai tao dat va chon giéng cay trong thich hop.

b) B6 chan déng trong dia vat i
e D6 chan déng M clia moét dia chan bién d6 I dugc do trong thang dé Richte
(C. F. Richter, nha dia vat If Mi, 1900 — 1985) xac dinh bdi
{
M=In—
Iy
(I la bién d6 cla dao déng bé hon 1um trén may do dia chan, dat cach tam dia
chan 100km, /, dugdc 18y lam chuan).
« 3 3 d6 Richte, dia chan chi ¢ anh hudng trong mét viing dién tich nhd ; & 4 dén 5
dé Richte, dia chan gay mot s6 thiét hai nho ; & 6 dén 8 dé Richte, dia chan gay mét
s6 thiét hai 16n ; & 9 d6 Richte, thiét hai la cuc ki [6n.
¢ N3ng luong giai toa E tai tam dia chan & M dé Richte dudc xac dinh xap xi béi
cong thirc
log E=11,4+1,5M .
T d6, chdng han, 8 8 d6 Richte, dia chan cé n#ng ludng giai toa gdp khoang
30000 lan dia chan & 5 dé Richte (dia chan & 5 dé Richte ¢ nang lugng giai toa
khodng 2.10"8 jun).

c) Po to nho cua am
Pé dic trung cho d6 to nhd clia Am, ngudi ta dua ra khai niém muc cuong do cia
am. Mot don vi thudng dung dé do mifc cudng do clia am la déxiben (viét tat 1a dB)
(G. Bell, 1847 — 1922, nha vat |i Mi géc Anh).
M(rc cudng d6 L clia am dudc tinh theo cong thirc :

I

L(dB)=10log—,
0

trong d6 I 1a cuong d6 cla am, tic 1a ning luong truyén di béi séng am trong
mot don vi thdi gian va qua mét don vi dién tich bé mat vuéng gbéc véi phuong
séng truyén (don vi do la Wim?) : I, la cuéng d6 cia d4m & ngudng nghe

Az mez). Céng thic trén cho thay : Khi cuong dé clla @m ting Ién

(Iy =10
102, 10°, ... 1an thi cAm giac vé dé to nhd clia am tang 1én gap 2, 3, ... lan.

Chu vy rang néu thudng xuyén nghe tiéng 6n khoang 90dB thi ¢ nguy cd bi giam
thinh Iuc, tham chi bi diéc (xem bai tap 52 tr. 112).
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~HAM SO MU VA HAM SO LOGARIT

Trong bai nay, ta luén gia thié€t a 1a mot s6 duong va khiac 1 (0 <a# 1) da
cho, J 12 mot khoang hay hop ena nhiéu khoang nao dé.

1. Khai niém ham s6 mu va ham so logarit
Tt dinh nghia lu¥ thira va 16 garit, ta thay :
e V6i mbi gia tri thue clia x, ta ludén xdc dinh duoc mot gid tri ' (duy nhat).

e VGi moi gia tri thue duong cia x, ta luén xac dinh duoc mét gid tri log,x
(duy nhAt).

Tit d6, ta 6 ham s6 y =« xdc dinh trén R va hAm s6 y =log x xéc dinh trén
a4
R, =(0; +m).

DINH NGHIA

Gia st a la mot sé duong va khace 1.

5 " it . by % At s AT
Ham s6 dang y=a dudc goi la ham sé mii co s6 a.

Ham s6 dang y = log,x duoc goi la ham sé légarit co so a.

Khi khéng ciAn nhin manh co s6, hAm s6 mil co s6 a con goi tat 1a ham s6
mii'" | ham s6 16 garit co s6 a con goi tat 1a ham sé légarit.

Ta ciing dung ki hiéu y = logx (hoac lgx) dé chi him s6 l6garit co s6 10 va ki

hiéu y = Inx dé chi ham s& l6garit co s6 e. Trong nhiéu tai liéu, hAm s6 y =¢"
con duogc ki hiéu la y = exp(x).

2. Mot so gidi han lién quan dén ham s6 mii va ham soé logarit
» ~ = » ~ # X ~
a) Ta thira nhén rang cac ham s6 y=a va y = log

N 4 F « 7 e
X lién tuc tai moi di€m ma
no6 xac dinh, tic la

. X X
Vxpe R, lma =a
.'l.'—>.'l.'[]

»

* .
Vxp€e R,, lim log,x =log, x; .
X—rxy

(1) Cé tai liéu coi ham s6 mii la ham s6 cé dang v = ka ', trong dé k la hang s6 khdc 0.

101
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H1

Tim cac gidi han sau

a) lim et ;
X—F+0od

SIN X

c) lim log

b) lim log, x ;
x—0

x—8 X

|

lim
f—>—b

b) Ta di biét lim

t >+

1Y
1+?] =e . Tu do,

t
1 n b #
[1 +?] =e . Ngoal ra ta con cé

> » aa - i 1
bang cich doi bién (dat .

= x ) ta duoc

|
lim(1+ x)x =e.
_r—}U( )

(1)

Str dung (1), ta dé dang ching minh duoc hai giéi han quan trong sau day.

DINH LI 1

lim In(l + x) . 2)
x—0 X

i ] (3)
x=0 X

Chitng minh. Ta cé.
. |
111(1—+_1) = l_ln(l + x) = 111(1 + ,r)T.

X X
l

Khi x dan dén O thi (l + A‘)T —> e nén do tinh lién tuc cua ham so6 16garit,

ta co

= lim 111(1 + _r)T = lne =1.
x—»0

In(1 + x)
X

lim
x—>0

Vay (2) duoc chitng minh.

Dé chitng minh (3), tadatr=¢" — 1. Khidétacé x =1In(1 + 1), vA x — 0 khi

vachi khi t — 0 . Do dé
e — 1 , {111(1 + r)]_'
= |lim == =] ;

t—0

= T
450 In(1 + ©)

Iim
x—>0 X

Vay (3) duoc chitng minh.
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3. Pao ham cua ham s6 mii va ham soé logarit

Dué6i day, chiing ta sé chimg to rang ham s6 mi va ham s6 16garit c6 dao ham
. . 7 5 # - *
tai moi di€ém ma né xac dinh.

a) Pao ham cua ham sé6 ma

DINH LI 2

5, - X - » = . .7 ~
a) Him s6 y=a c6 dao ham tai moi diém x € R va

xy X s - x\ X
(ﬂ' ) = lllfr;ﬂOII‘lﬂﬂgta cO (E ) =il

b) Néu ham s6 u = wu(x) c6 dao ham trén J thi ham s6

y = a"") ¢6 dao ham trén J va

()

(a”("'] ) =u'(x)a"™ Ina ; néi rieng ta cé (e”('l'))r = u'(x)e

Chitng minh
a) Trude hét ta xét ham s6 y = €', Gia sir x [a mot s6 tuy y. Ki hiéu Ax 1a s6

gia cua bién s6 tai x va Ay 1a s6 gia ciia ham sé twong tmg vdi nd, ta ¢

tﬁ_}*’ _ E.T-i—ﬂ_l' B E_r: E‘IT (Eﬁr . 1)

xe Ax Ax
. Ay Coete™ =1 e - .
lim — = lim = ¢ lim —— = e (theo (3)).
Ax—0 AX  Ax—0 Ax Ax—0  Ax
Vay (e“') = ¢’ v6i moi x.

R S - s x _ _Ima* _ _xlna _4 . X
Poéivéihams6éy=a ,tacé a =e = nén theo cong thirc dao ham
ctia ham sé hop, ta cd

(a'r ) = (e"—]“”)': A4 ng) =@ Ina (véimoix € R).

b) K&t luan nay suy ra tir phan a) cua dinh 1i va céng thitc dao ham cua ham
s6 hop. O

Vidul.Véiy=(2+ 1), tacd
Y=+ ) e+ P+ DE) =+ 2+ De' =+ D)%

103
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H2| Tim dao ham cta méi ham sé6 sau :

al y=(x + l)ezr 2 b) y= E‘E SINX.

b) Pao ham cua ham s6 légarit

DINH LI 3

- ~ = . 7 ~
X c6 dao ham tai moi di€m x > 0 va

]
xlna

a) Him s6 y = log

(log x) =

prr # ] l
; né1 riéng ta c6 (Inx) = —.
X

b) Néu ham s6 u = u(x) nhan gia tri dwong va cé dao ham trén

J thi ham s6 y = log, u(x) c6 dao ham trén ./ va

s sove W) | g as " e W)
(lﬂgﬂ u(r)) it ; néiriéng ta c6 (Inu(x))' = e

Chitng minh

a) Trude hét ta xét ham s6 y = Inx. Gia strx 1a mét s6 duong tuy y. Ki hiéu Ax

la s6 gia cua bién s6 tai xva Ay 13 s6 gia ctia ham s6 twong g véi nd, ta cd

Ay = In(x +Ax) — Inx = In s = 111[1 + E] ;

X A

A hl[l 3 E] | 111[1 + &—:] ;

¥y b % _

lim — = lim = |lim — = — (theo (2)).
Av—0 Ax Ax—>0 Ax Axr—30 X E > ( (2))

X
A ;e g
Vay (Inx) = — véimoi x > 0.
X

D6i véi ham s6 y = log,x, ta c6

(log,x) = [‘”—"] s Hglt =

(véi moi x > 0).
Ina Ina xlna

b) Két ludn nay suy ra tir phan a) ctua dinh li va céng thitc dao ham cua ham

s6 hop O

104
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# et ” ~ - 2 4
Vidu2 Déivéihaimsé y=In(x"—x+ 1),tacd

(- ad) |

Yy =773 )

x* —x+1 X" —x+1

H3| Ching minh rang [In(—x)]’ = L vdi moix < ().
X

HE QUA

|
a) (111|_r|)' = — v&imoix = 0.

X
b) Néu ham s6 u = wu(x) nhan gii tri khic 0 va c¢6 dao ham
trén .J thi

. u'(x)

( lnlu(ur)n 20

véimol x € .J.

Hé qua nay duoc suy ra tir dinh 1i 3 va két qua ctia [H3| .

4. Su bién thién va d6 thi cua ham s6 mii va ham sé6 logarit
i i A X
a) Homsoy=a

Ta dd biét ham s6 y = @' ¢6 tap xdc dinh 12
R . D€ khao sat su bién thién cta né, ta
cin xét diu ctia dao ham y' = @' Ina. Do
a > 0 véi moi x nén dau cna y' triung véi
ddu ctia Ina. Mat khdc, theo tinh chat cua
6garit tacod Ina > 0khi a>1 valna <0

- 3 . a ” 2 ——-_].'.\\‘3l .
l<:111\ 0 < a < 1. Boi vay, ta xét hai g T T o
truong hop :
® Truong hop a> 1 Hinh 2.1

Trong truong hop nay ta ¢6 Ina > 0 nén y' > 0 v6i moi x. Do dé ham sé déng
bi€n trén R .

Ngudi ta con chimg minh duge rang  lim a' = +o0 va
X=—r+o>

lim a' = 0. (4)

X ==
105
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Gi6i han (4) chimg td6 d6 thi clia hAm s6 y = @' c6 tiém cin ngang (khi

X — —o0) la true hoanh.

Ta c6 bang bi€n thién sau :

X — o0

~+-00

y=da (a>1) /1
0

P

Ham s6 y = ¢' nhin moi gid tri thudc khoang (0 ; +).

7 ' a o . 2 . - e o . 7 ” 5 # m~ A
Hinh 2.1 thé hién d6 thi cua ham s6 y = (\E) . D6 thi cua cdc ham s6 mi vdéi

casd a> | ciing ¢6 dang twong tur. Chiing c6 chung cic dac diém ding chi y

sau day :

i) Luén cat truc tung tai diém cé tung dé bang 1 (vi ta luén cé @ = 1)
; g 18 g dc g

] b = L. b r e * LY -, X o ]
(11) Nam hoan toan ¢ phia trén cua truc hoanh (vi @ > 0 véi moi x).

e Triong hopO < a< |

Trong trudng hop niy, ngudi ta cling chimg minh diwoc rang  lim a =+ va

lim a* = 0. (5)

X =+l

H4| a) Dua vao (5), hday néu két luan

vé duong tiém cén ngang ctia doé thi ham sé

y= e

b) Lap bang bién thién ciia ham s6 y =a" Vi

0 <=l

Trén hinh 2.2, dudng nét lién thé hién dé

thi ctia ham s6 y = [%) . Dé thay d6 thi

ny ciing c¢é cdc dic diém (i) va (ii) nhu
trong truong hop a > 1.

X =p=0D

e

Hinh 2.2
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GHI NHO

Hims6y=a"
* Cotap xdc dinh 1a R va tip gid tri la khoang (0 ; +0) ;
* Dong bién trén R khi @ > 1, nghich biéntrén R khiO<a< 1 ;
* (C6 do thi :
~ Di qua diém (0 ; 1),
— Nam & phia trén truc hoanh,

— Nhén truc hoanh lam tiém cén ngang.

D6 thi ¢6 mét trong hai dang néu & hinh 2.3.

Hinh 2.3
b) Ham s6 y = log x

Ta da biét ham s6 y = log,x 0 tap xac dinh la khoang (0 ; +0) va trén khoang
1

dé né c6 dao ham 1a y' = (log,x)' = :
xlna

Twong tr hAm s6 mii, dé xét dau ctia dao ham, ta xét hai trudng hop : a > 1 va
O<ax<l.
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Mot s6 két qua khao sat ham s6 y =log x dwoc ghi lai trong bang sau :

Hams6 y=log,x véia> 1 Hams6 y=log x v6i0<a<1

*y >0 voimoix e (0;+m) * y<0véimoix e (0 ; +m)

* Ham s6 doéng bién trén (0 ; +0) Ham s6 nghich bién trén (0 ; +0)

va nhin moi gia tri thuéec R va nhan moi gia tri thuéc R
* lim log, x =-o (6) * lim log,x = +o (7)
x—=0" x—0"
e lim log, x = +o0 ¢ lim log, x = —
X =>4 o0

Cé4c gi6i han (6) va (7) chitng to rang trong ca hai trudng hop. do thi ctia ham

s6 y = log,x déu c6 tiém can ding (khix — 0") 14 truc tung.

Trén hinh 2.4, dudng nét lién thé ¥4
hién do6 thi cia ham s6 y = logyx +
(cdc ham s6 16garit co s6 a véi a > |
c6 dang twong tw), dudng nét dit

th¢ hién d6 thi cua ham

sO0y = log; x (cac ham s6 logarit
]

cosd avdi 0 < a<1 cé dang trong

tr). Ching c6 chung nhitng dac

a3 F L.
diém dang chad v sau :

(i) Luén cat truc hoinh tai diém

Hinh 2 4

(1;0) (vilog,l =0 véimoia);

(ii) Nam hoan toan vé bén phai truc tung (vi log,x chi x4c dinh khix > 0).

HS5| Dua vao bang trén, hay lap bang bién thién ctia ham sé y = log,x trong méi

truong hop a > 1 va 0 < a < 1. Kim nghiém cac tinh chét duoc néu trong bang doé
qua dé thi hinh 2.5.
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GHI NHO

Ham s6 y = log x
* Cé6 tap xdc dinh l1a khoang (0 ; +o) vatip gid trila R ;

* Déng bién trén (0 ; +0) khi @ > 1, nghich bién trén (0 ; +0)
khi0<a<l:;
* C6 d6 thi

— Di qua diém (1 ; 0),

— Nam & bén phai truc tung,

— Nhan truc tung lam tiém céan ding.

D6 thi ¢c6 mot trong hai dang néu & hinh 2.5 (dudng 1ién nét).

Hinh 2.5
Nhan xét
Néu goi (G;) 12 d6 thi clia hAm s6 y = a'

v thi

va ((5) la d6 thi clia ham s6 y = log,,

() va ((,) doi xing véi nhau qua dudng
phan gidc (/,) cua gée phan tir thit nhat.
That vay, xét diém M(p ; g) bat ki, diém

dei xitng v6i M qua (/) 1a diém M'(q ; p),
taco (h.2.9)):

M(p;q) e (G)&e g= d < p=log.q
< M(q; p)e (Gy). Hinh 2.6

109
baitap365.com




y

Diéu d6 di chitng minh nhian xét trén. Ta ciing cé thé kiém nghiém lai nhan
xét nay déi véi hai ham s6 y = log,x va y = 2" (h. 2.6) bang c4ch gap t& gidy
theo duong (/,).

e
}
5 3 SCIE M R
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\ fsu TANG TRUONG (HAY SUY GIAM) MU

&/

Thé nao la tang trudng (hay suy giam) mii ?
Trong bai hoc §4, ta da lam quen v&i van dé lai kép lién tuc. Trong thuc té, nhiéu
hién tuong tu nhién, xa hoi cé tinh chat ting trudng (hay suy giam) tuong tu nhu van
dé 1ai kép lién tuc, ching han: van dé ting trudng dan sé, van dé sinh séi clia vi
trung, van dé phan huy clia cac chat phéng xa,... Cac van dé trén dudc goi la van dé
tang truong (hay suy giam) m.
Vé thuc chat, su ting trudng (hay suy gidm) mi dugc dac trung bdi mét ham sé ma
dao ham clia né tai moi diém déu ti Ié véi gia tri cla ham s6 tai diém d6 véi hé sé ti
|é khéng d8i, tire 1a ham sé y = f(x) thod man diéu kién

fi(x) = kf(x) (1)
(xét trén mét khodng nao d6) trong dé k 1a mét hang s6 khac 0 nao d6. Sé k dudc goi
|a t/ Ié tang trudng khi k > 0 va dudc goi la ti I1é suy gidm khi k < 0.
Ta sé chimng t6 rang ham sé y= f(x) thoa man diéu kién (1) khi va chi khi né
co dang

v = "™ (véi C 1a hing s6 tuy ). 2)

kx

That vay, dé thdy ham sé y = Ce™" (C |a hang s6) luén thod man diéu kién (1).

Ngugc lai, gid s y = f(x) la ham s6 thoad man diéu kién (1).

Khi d6, néu dat ' (x) = %7 thcla f(x)=C(x)e
c

X thi theo (1) ta c6 -

kY = e 4 k() = K (1),

Fllsy= ™ w Claie
Tirdé suy ra C'(x)e® = 0. Tdc1a C'(x) =0 (véi moi x thudc khodng dang xét). Vay
C(x) phila méthing s6 C nao dé va do dé fix) = Ce". O

Dé thdy C la gia tri clia ham 6 ftai x = 0 nén C cén dugc goi 1a gia tri ban dau.
Trong céng thic 1ai kép lién tuc thi gia tri ban dau chinh la sé vén ban dau gdi vao
ngan hang (C = A), klalai sudt méi ndm (k = r) vax la sé nam gli (x = N).
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47.

Chu ki ban huy (ban r3) cua chat phéng xa

Trong céng thiic (2), néu k < 0 thi ham s6 v = (e mé ta su suy gidm mid. Mét vi du
dién hinh cho su suy giam mi la su phan huy clia cac chat phéng xa.
Gia slr c6 moét lugng chéat phéng xa ban dau |a uy, lugng chat phéng xa con lai tai
thoi diém ¢ 1a

u(t) = uﬂch
trong d6 k < 0 |1a hé sé suy gidm (trong VAt i, s& [k| goi Ia hdng sé phéng xa)
Ta dat uy = u(t;) va uy = u(ty) vaxéttisé

kt
2 k(1)
= .

krl

> . lupe

Hl ”ﬂf:*
Két qua d6 ching té réng ti s8 gitra hai lugng phéng xa con lai tai hai thoi diém 7, va

t; chi phu thuéc vao hiéu s6 ¢, — #; ma théi. Diéu dé cho phép nguoi ta dua ra mot

khai niém goi 1a chu ki ban huy (ban rd) cla chat phéng xa, d6 1a khoang thdi gian
ma Iuong chat phéng xa d6 phan huy di chi con lai mét nlra. Néi cach khac, chu ki
ban huy la khoang thdi gian s = t, — 1y saocho

u L. ks (3)
uy 2
. , —In?2 —In2 . s ot . - N g
Tu(3)tacd s = hay k = ——. Nhuvay, néu biét chu ki ban huy cua mot chat

A
phong xa thi ta cling tinh dudc hé sé suy giam cla chat phéng xa d6. Ching han,
chu ki ban huy cla radium 13 1550 ndm nén hé sé suy giam cla radium |a
—In2
;{ —

~ —0,000447.

1550
Cau hoi va bai tap

Khoang 200 nam truée, hai nha khoa hoc Phap

la Cl6-zi-ut (R. Clausius) va Cla-pay-réng
(E. Clapeyron) da thdy rang 4p suit p cua

hoi nude (tinh bang milimét thuy ngan, Hoi nudc
vi€t tat 12 mmHg) giy ra khi né chiém e e =
khoang tréng phia trén ctia mat mrée chita - Nube - -
trong moét binh kin (h.2.7) duoe tinh theo T
cong thire T
‘
o ]0_,4_2?3 H Hinh 2.7
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trong d6 ¢ 1a nhiét d6 C clia nude, @ va k 12 nhimg hang s6. Cho biét

k~—2258,624.

a) Tinh a biét rang khi nhiét d6 clia nwée 1a 100°C thi 4p sudt cia hoi nwde

1a 760 mmHg (tinh chinh x4ac dé€n hang phan chuc).

b) Tinh 4p suit ctia hoi nuée khi nhiét do cta nude 14 40°C (tinh chinh x4c

dén hang phan chuc).
48. Tim cac gidi han sau :
2 3x+2
e —e

a) lim —
x—0 X

49. Tim dao ham ctia cdc ham s6 sau :

a) y=(x— e ;

c)y= %(E’T — E_'T) ;

2x Sx
—

b) lim =
x>0 X

b) _}Jz_rz & o

d) y= %(E'T + e-'r) ;

50. Trong cac ham s6 sau diy, ham s6 nao déng bi€n, ham s6 nao nghich bi€n trén R ?

a)y= [%] ;

51. V€ do6 thi cna cac ham s6 sau :

a)y= (\/5)1 :

Y

s
b)y= [g] ;

52. Sir dung céng thitc L(dB) = lOngIi (xem bai doc thém "Loégarit trong mot s6

0
cong thire do luong” tr.99), hday tinh gan ding, chinh xdc dé€n hang don vi, do

* i iy I i . Ly = \ ¥
16n (dB) ctia 4m thanh c6 t1 s6 A cho trong bang sau r61 dién vao c6t con tréng :

0
STT Loai Am thanh é Po616n (L)
1 Ngudng nghe |
2 Nhac ém diu 4000
3 Nhac manh phat ra tir loa 6,8.1 0
4 | Ti€ng may bay phan luc 2.3.10"
5 Ngudng dau tai 10"
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53. Tim cac gidi han sau

\ P
2. Tim In(1 + 3x) ; b) lim In(l + x )_

x—0 X x>0 X

54. Tim dao ham clia cdc ham s6 sau :

a) y=(3x - Nln’y ; b) y=¥x* +1 I ;

1 &y In(x? + D

0 g’ x

c) y=x.1n

55. Trong cdc ham s6 sau day, hAm s6 nao dong bién, ham s6 nio nghich bién
trén khoang xac dinh ctia n6é ?

1
a)y= log, x ; b) y=logx v6ia= —=—Fp—.
z 3(W3 - 2)

=

56. V& do6 thi cta cdc ham s6 sau :

a)y= logﬁr : b) y = log, x.
3

& UGC TINH DAN SO VIET NAM

N3am 2001, dan sé nudc ta khoang 78 690 000 ngusi. Theo céng thirc ting trudng
mu, néu ti |&é tAing dan s8 hang nam ludn 1a 1,7% thi uSc tinh s6 dan Viét Nam x ndm

sau sé la 78 690 000.e"01"

thay dudc mic dé tAng nhanh clia dan sé, ta xét ham sé

(ngudi) = 7.869.%°17* (chuc trieu ngusi). D& phan nao

for) =7,869.e"017,

D6 thi clla ham s6 y =f(x) (h.2.8) cho thdy khoadng 30 ndm sau (tic 1a khoang
nam 2031), dan s6 nudc ta sé vao khodng 131 triéu ngudi, tlic 1a ting gap rudi.
Chinh vi vay, dé dam bao nén kinh t&€ phat trién bén viing, Dang va Nha nudc ta luén
quan tam dén van dé dan sé va ké hoach hoa gia dinh.
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= f(X)
13,1 === mmm = mmmmm oo oo ?'
|
7,869 i
3t |
I x
bt : : j -
0| 10 20 30 (nim)
Hinh 2 8a Hinh 2.8b
D6 thi him s6 v = fix) Hinh anh phong to mét phdan cia h.2 8a
HAM sO LUY THUA
- ~ # 5 3 1 o £ ~ %
Ching ta da hoc cdc ham s6 : y=x, y = xz, Y =i ' D6 1a nhimng truong

X
hop riéng cta ham so6'luy thita.

1. Khai niém ham s6 luy thua

114

b A - ) » ~ 3 # o - s = o b P
Ham s6 luy thira 1a ham s6 c6 dang y = x , trong d6 « la mot hang so tuy y.
Tir cdc dinh nghia vé luy thira, ta thay
— Ham s6 y =x", v6i n nguyén duwong, xdc dinh véi moix € R.

— Ham s6 y = x”", véi n nguyén am hoac n = 0, x4c dinh véi moi x # 0.

S i (I o Ly Fa - o) S A -
— Ham s6 y = x, v6i a khéng nguyén, c6 tip xic dinh 1a tip cic sbé
thire duong.
Nguwdi ta chimg minh dwoe rang ham sé luy thira lién tuc trén tip xdc dinh

cua no.
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CHU Y
z
Theo dinh nghia, dang thirc Q/; =x" chi xay ra néu x > 0. Do d6,
%
ham s6 y = x" khéng déng nhit v4i ham sé y = e (ne NY).
Chang han, ham s6

Y=t J?’ x 13 ham s6 can bac ba, xac dinh véimoi x € R ; con ham sé

luy thira y = x3 chi xac dinh véi moi x > 0.

2. Pao ham cua ham sé6 luy thira

# % % ~ # -~ F £ ! ]. - =
Vé&i n 13 s6 nguyén 16n hon 1, ta di c6 cong thire (x")' = m" ~ véi moix € R.

Tuong tr, ta ¢c6 coéng thitc dao ham cia ham sé luy thira véi s6 mu thure

sau day.
DINH LI
a) Ham so6 luy thira y = x% (voli @ € R ) c6 dao ham tai moi
diémx >0 va
() =™
b) Néu ham s6 u = u(x) nhin gia tri dwong va c¢6 dao ham trén./
thi hAim s6 y= u“(x) ciing c6 dao him trénJ va
(M‘I(,\')) = {Is.r"'x_l(.r)u'(.r).
Chitng minh

a) Véimoi x >0, ta c6

1 h.'a I | __G'.' ] (4 1 =1
(.1"1) =(e“ ) =g (lnaﬂ) =x (alnx)'=ax*—=ax .

X
b) Két luan nay suy ra tira) va quy tac dao ham ctia ham s6 hop. O
Vidul
a) () = T e (@)

T—1 x T _x T—1_x
Lt ™ o =" ' (m + x1nm).

= Bk
115
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b) [(lnx)ldrﬁ] =(1+ \/5) (111,1')ﬁ(ln..1')' =(1+ -\E) (111.1')\5.%.

' véimoi x 0.

H1| Chdng minh rang v8in nguyénva n <1 taco (x")' = nx""

CHU Y
a) Ap dung dinh 1 trén, ta dé dang ching minh céng thitc dao ham
ctia ham sé can béic n sau day :

ny X

(véi moi x > 0 néu n chan, véi moi x # 0 néu n 1é).

b) Néu u = u(x) 1a ham s6 c¢6 dao ham trén Jva thoa man diéu kién

u(x) > 0 véi moi x € J khi n chan, u(x) # 0 véi moi x € J khin

1é thi
Hfu(x) I L (Vﬁ'l mgi X C -'r) :
( ) ”H‘”H—l (J.')

Vidu2. (m), _ (sin3x) cos3x

3%{(511131)2 ‘\13 sin” 3x

H2| Tim dao ham cia ham s6'y = ¥e2¥ +1.

3. Vainét vé su bién thién va dé6 thi cua ham so6 luy thira

O day, ta chi xét cdc him s6 luy thira

‘{I . % o - # y"‘
dz._mg y=x vOi a# 0 va vdi tip xac Aty =X
dinh 1a (O ; +o0). | .-E, T
R e e
= * 1 Gf— I 1 I
T cong thic (.r”‘r) = X 1, ta suy 5 | Ve i
ra ham s6 y=x dong bi€én trén khoang |
, T T 1+ e
(0 ; 40) néu @ > 0 va nghich bién trén B y=x-l
L e o :I :I _IFF'
khoang (0 ; +o) n€u @ < 0. Hinh 2.9 thé 1 2 3 4 5 X

hién d6 thi cia mot s6 ham s6 luy thira

trén khoang (0 ; +0), Hinh 2.9
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- - 74 - » ” ~ . i = = - —~ 5 - .
Nhdn xét. Do 1 =1 v6i moi @ nén do thi cua moi ham soé luy thira déu di qua
diém (1 ; 1).

Cau hoi va bai tap

S7.Trén hinh 2.10 cho hai duong cong (C))

(dudng nét lién) va (C,) (dudng nét dit)

dwroc v& trén cling mo6t mat phang toa do.

Biét rang moéi duong cong Ay la doé

thi cia moét trong hai ham s6 luy thira
l

y=x2 vd y=x 2 (x>0). Chi dua

vao tinh chit cta luy thira, c6 thé nhan

biét dudng cong nio 1a dé thi ctia ham sé
nao duogc khong ? Hay néu 16 lap luén.

Hinh 2.10
58. Tim dao ham ctia cdc ham s6 sau :
a)y=(2.1’+1)n | b) y= 5111353.' ;
a b
X a G
c)y= | d)yz[gj [TJ vora >0, b>0.

89.

Luyen tap

- o, L o - . 3 . ~ - . - 2 i~ s #
Tinh gia tri gan ding dao ham cua méi ham s6 sau tai dieém da cho (chinh xac

dén hang phan tram) :

: . i\ .
a) y=logs(sinx) taix = 1 ; b) y= tai x =

1y

a

X
60. a) Chimg minh rang dé thi cia hai hAms6 y=a¢" vay = [—] d6i xing vl

nhau qua truc tung (h.2.2 véia=2).
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b) Ching minh rang d6 thi ctia hai ham s6 y = log,x va y = log, x d6i xiing
a

voi nhau qua truc hoanh (h.24 véia=2).

61. Vé do thi cua ham s6 y = logg sx. Dua vao d6 thi, hdy giai cdc bét phurong
trinh sau :

a) logysx >0 ; b) -3 <logy s <—-1.

62. V& d6 thi ciia ham s6 y = (¥/3) . Dya vio d6 thi, hy gidi cc bt phuong

trinh sau :

) (JE) <1; b) (JE) -

PHUONG TRINH MU VA LOGARIT

Trén thuc t&€, nhiéu bai todn din dén viéc gidi phwong trinh dang ¢ = m hoac
log, x = m, trong dé m va a la nhitng s6 cho truwede véi 0 < a # 1. D6 1a nhimg
dang don gian cua phuong trinh mii va phuong trinh légarit.

Trong bai nay, ta van gia thi€t a 1a moét sé cho trude, dwong va khac 1.

1. Phuong trinh co ban

e Phitong trinh mii co bdn c6 dang a* = m, d
trong d6 m 1a s6 da cho. Phuwong trinh nay y=m ;f:' /
xdc dinh vé1 moi x.

Dé thdy rang khi m < 0, dudng thang y = m
khong cat d6 thi hAm s6 y=a' ; conkhim >0,
duwodng thang y = m luén cat d6 thi ham s6 /

y=a tai ding mot diém (h.2.11). Do dé Ol
Hinh 2.11

|
|
|
|
j } e
1 logam X
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Néu m < 0 thi phwong trinh @' = m v6 nghiém ;

Néu m > 0 thi phuong trinh @ = m cé mét nghiém duy nhat

x = log,m. No61 cach khac,

Vme (0:4»0), d =m < x= log, m.

Vidul.a)3' =9 © x=log;9 x=2;

b)10°=1 & x=logl < x=0.

H1

e Phirong trinh légarit co ban cb
dang log x = m, trong dé m la s6

di cho. Diéu kién xdc dinh cta

a)? =8 : b) e =5.

Giai cac phuong trinh sau :

phuong trinh nay 1a x > 0. T
Dé thdy dudng thang y = m ludn
cat d6 thi ham s6 y = log,x tai
ding mot diém (h.2.12). Do dé Hinh 2.12
Véi méi gia tri tuy y cua m, phuong trinh log x = m luén cé
mot nghiém duy nhat x = ¢”'. N6i cach khic,
Vme (—o;+m),logx =m & x= a.
| L
Vidu2. log,x = 5 & x =22 = \5 -
Inx=0c y=e’ <x=1.
H2| Gidi cac phuong trinh sau :
a) logzx=1logsd ; b) log x = -4,
Tir do hay cho biét nghiém cda phuong trinh log x = log p, (p > 0).
119
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2. Mot s6 phuong phap giai phuong trinh mii va légarit

120

a) Phuong phap dua vé cung coso
Trong bai trude, ta da bi€t cac tinh chat
& T ed o wa
(i) Néua >0, >0thilog,a=log,f < a=p.

Céac tinh chit d6 cho phép ta giai mot s6 dang phuwrong trinh mi (hoac phirong
trinh 16garit) bang cdch dua cdc lu¥ thira (hoac céc 16garit) trong phuong trinh
vé luy thira (hoac l6garit) véi cing mot co s6. Sau day 14 mot s6 vi du.

Vi du 3. Giai phuong trinh
9:r+| :2?21-+ I_ (1)
Gridi
Nhan xét rang ta c6 thé dira hai vé&€ clia phwong trinh vé luy thira clia cling co
s6 3.

2v + 1 (2v+ 1)

9_11'+I :32(_1'+I] va 27 _:3
Do dé
(1) o D3P o8 5 1 1)=3(2x + 1)

< —4dx-1=0 & xz—%-

; , |
Viay phuong trinh ¢6 nghiém duy nhat x =— T

Vi du 4. Giai phwong trinh

logyl =log, (x* - x-1). (2)
s 3
Giai
Diéu kién x4c dinh ctia phwong trinh (2) [a x> 0 va P -x-1>0.

Véi diéu kién dé6, do lo gzl = log, x nén phuong trinh da cho tuong duong

X 3
voOi phuong trinh

log, x = lmgl(r2 — x — 1) hay x=xt-x-1.
2 2
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P . A -~ - = a
Boi viy, ta c6 thé viét

x>0
5 x>0 x >0

(2) © sx —=x-1>0 < 5 < .

9 x=x"=-x-1 x*—-2x-1=0
X =x —x—1
(x>0
&4 ¢j1=1+J§

k.r=1+\/§hm§1c.r=1—\/§

Vay phuong trinh di cho c¢6 nghiém duy nhat x =1 + \6 ;

H3| Mot ban gidi phuong trinh log . ” = log,5 nhur sau - Vi log,x* =log,x nén

1034_1'2 =log,5 < logyx=1log,5 & x=35.
L1 giai do dung hay sai ?
Vi du 5. Giai phirong trinh
logy(x +12) .log 2 =1. (3)
Giai
Dé vé& trdi cta (3) c6 nghia, ta phadi c6x + 12> 0va 0<x # 1. Vay diéu kién

xac dinh ctia phrong trinh (3)1a O<x #1.

Khi d6, log,x # 0 va log, 2 = , thanh thir véi diéu kien 0 < x # 1, tacd

log, x

|

(3) & logy(x +12). ;

—1 < log,(x+12) = log,x* & x + 12 =",

log, x
Do dé. ta c6 thé viét

3) <> .1-—|—12:.r2<:> Hrg—.r—IZ:O@{IZ—majc x=4 S—Y
0<x#1 0<x#1 0<x#1 ) '

Vay phuong trinh (3) c¢6 nghiém duy nhét x = 4. O

Dura vé cluing co s6 14 phuong phdp rat hay dung khi gidi cdc phuong trinh mi
va phrong trinh 16garit. N6 thuong duwoc diung két hop véi cac phuong phap
khac ma ta s€ néu dudi day.

b) Phuong phap dat an phu
Vi du 6. Giai phuong trinh 32 > =3""2 42,
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122

Giai

; ; AL ) 2
Tacé thé viee 37+ = 3,374 -3, 32042 _3 (372 ),
Vi vdy, néu dit y = 3" te (v6i y > 0) thi phuong trinh da cho ¢6 dang 3_}92 g

hay 3 y2 — y— 2 = 0. Phwong trinh nay c6 hai nghi¢m y=1va y = —% , nhung
chi c6é y =1 1a thich hop. Do d6

321'+5:3_1'+2 v+ 2

+2 & 3 =] &3 x¥5d=0 Sx=—D,

Vay phuong trinh da cho c¢6 nghiém duy nhat x = — 2.

H4| Giai phuong trinh 27! + 272 + 273 = 448 béng céch dat &n phu v = 2*~*.

6 " 4
log, 2x log, X2

Vi du 7. Xét phuong trinh = 5§, (4)

o - . 2 . # . ] =, \ 1 % Fi
Dé thay diéu kién xdc dinh cua phuong trinh la x > 0, x # 7 vax = 1. Vai

diéu kién do, ta cé

6 4

) = | + log, x " 2log, x

=3, (3)

H5| Gidi phuong trinh (5) bang cach dat y = log, x 16/ két luan vé tap nghiém
cta (4).

¢) Phuong phap logarit hoa

Tinh chat (ii) da néu con cho phép giai phuwong trinh c¢é hai vé luén duong
bang cdch 1ay 16garit hai v€ (theo cling moét co s6 thich hop nio d6). Viéc lam
dé goi la l6garit hod hai v&€ cta phirong trinh.

T
Vi du 8. Giai phuong trinh 3*'.2" =842,

Giai

Dé thdy hai v&€ cna phuong trinh xdc dinh véi moi x va luén nhin gid tri

dwong. Do d6 c6 thé 16garit ho4 hai vé& theo co s6 2. Ta cé

2

310" =842 & (x— Dlog,3 + x> = logy8 + (x — 2)logy4
& ¥ = (2-1logy3)x + 1 — log,3 =0.
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Phuong trinh bic hai cu6i cung c6 hai nghiém la x = 1 va x = 1 — log,3. D6
ciing 1a hai nghiém cua phwong trinh da cho. O

Logarit ho4 1a phuong phap khi théng dung trong viéc giai phuong trinh md.
Khi 16garit ho4, ta cAn khéo chon co s6 dé 151 giai diroe gon.

H6| Bang phuong phap I6garit hod, gidi phiong trinh 24.5" = 0,2.(10*1)°.

d) Phuong phap sir dung tinh dong bién hay nghich bién cua ham s6

Vi du 9. Giai phirong trinh 2" = 2 — logyx.

Giai

Dé thay x = 1 1a mét nghiém cnia phuong trinh da cho. Ta s€ chitng minh rang
phuong trinh khéng con nghiém nao khac.

That vay, diéu kién xdc dinh ctia phuong trinh 14 x > 0, titc 1A x € (0 ; +0).
Trén khoang d6, hAm s6 y = 2' déng bi€n trong khi him s6 y = 2 — logsx
nghich bién.

Ta xét hai truong hop :

— Néu x> 1 thi loggr >0va2'>2 Dodbé2-logzx <2< 2. Diéu dé ching
to trén khoang (1 ; + ), khéng ¢6 gia tri ndo cua x 1a nghiém cua phrong
trinh da cho.

- NéuO<x <1thilogyr <0vd2 <2.Dodé2-logyx >2>2 . Diéu dé
chirng t6 trén khoang (0 ; 1), khéng c6 gid tri nao cua x 1a nghiém cia phrong
trinh da cho.

Toém lai, phwong trinh da cho c¢é nghiém duy nhat x =1.

Cau hai va bai tap
63. Giai cdc phuwong trinh sau :
2) (2+43)" =2-43; b) 25 32 = 4
&) 2.8 6 3T gt 9. d) logz(3" + 8) =2 +x.
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64. Giai cdc phwong trinh sau :

a) logs[x(x—1)]=1 ; b) logyx + logy(x— 1) = 1.

65. Trén mat moi chi€c radié déu cé cic vach chia dé ngudi sir dung dé dang chon

66.

67.

68.

69.

diing séng radi6é can tim. Biét rang vach chia & vi tri cdch vach tin cung bén

, ” i N F T - ﬂr - \. ~ .
trai mot khoang d (cm) thi tng véi thn s6 F = ka” (kHz), trong d6 k va «a 1a hai
hang s6 duoc chon sao cho vach tin cuing bén trii itng véi tAn s6 53 kHz, vach

tin cing bén phai tmg véi tan s6 160 kHz va hai vach nay cach nhau 12 cm.

53 60 20 100 120 140 160
kHzI I

a) Hay tinh k£ va @ (tinh a chinh xac dé€n hang phin nghin).
b) Gia sir dd cho F, hidy giai phuong trinh ka' = Fvéidnd

¢) Ap dung két qua ctia b), hily dién vio 6 tréng trong bang sau (két qua tinh
chinh x4c dén hang phan tram)

F 53 60 80 100 120 140 160
d

Giai cac phuong trinh sau :
) B 5% = T b) 0,125.4%73 = (4/2)".

Giai cac phuong trinh sau :

a) logyx + logyx = log, \/?; : b) lﬂg,ﬁ X . logzx. loggx = 8.
g

Giai cac phuong trinh sau :
)3t 41837 =29,

b) 27" + 12" = 2.8". (Huéng ddn : Chia ca hai vé& cho 2°" 16i dat ¢ = (%) ).

Giail cac phuong trinh sau :
log, x  loggdx

23 ] _ ) —
a) log”x” — 20log/x +1=0 ; b) e 9x  Tog Br

c) logg, 27— log; 3 +logy243 = 0.

124

baitap365.com



70. Giai ciac phwong trinh sau :

a) 3V =43 . b) 32-le&sx _ g1y

X
x+l

o3 O™ =36 g2 571982 =5

71. Giai cac phuong trinh sau :

a) 2 =3-x ; b) logox =3 — x.

! PHUONG TRINH MU VA LOGARIT

Khi giai hé phrong trinh ma va 16garit, ta cing dung ciac phwong phap giai hé
phuong trinh di hoc nhu phuwong phiap thé, phuong phap céng dai s6, phirong
phip dat 4n phu, ... .

Trong phan nay, ta chi xét moét vai vi du don gian.

Vidu 1. Xét hé phuong trinh

DY 3V = 5
. 5 (1)
g¥+y3l = o
Patu=2"vayv =3" (u>0,v>0), ta cé hé phwong trinh
u+v=> )
uv = 0.

Dé thay hé (2) ¢6 hai nghiém 1a (1 ;v) = (2 ;3) va (u;v)=(3; 2). Cic gi4 tri
nay déu thoa man diéu kién v > 0 va v > 0. Do d6, ta phai giai hai hé phrong
trinh sau :

e
< P =3 (3)
f2-1_+l}] 1 3
\ o p (4)
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x+y=1 =)
Ta co (3) < ) <>
y=1 y=1.

H1| Tiép tuc gidi hé (4) va két luan vé nghiém cia hé (1).

Vi du 2. Giai hé phuong trinh

22,1'—}‘ Ji 9% 2I+_1-‘
(5)
log, x.(log, y—1) = 4.
Giai
Trude hét, ta xét phuong trinh thi nhat trong hé (5) :
gaF gk _nta X (6)

Nhan hai v& clia phuong trinh (6) véi 277, ta duge phurong trinh 2207 42%7 =2,
bat 27" =t (¢ > 0), ta dugc phuong trinh £+ t— 200 phuong trinh nay c6

hai nghiém 1a ¢ =1 va t = -2, trong d6 chi ¢6 nghiém ¢ = 1 14 thich hop. Vay

6] e 22 =] aw—y=0 =y

Dem két qua nay thé vao phuong trinh thit hai cta hé (5), ta duoc

[%logz S 1] log,x =4 < (log}r)z — 2logyx—8=0

- 1
log, x = -2 g -
Pt { 52 Pt : R YT
g A x =2 5= TG,
W : a5 S 1 1Y) .
Két ludn : Hé (5) c6 hai nghiém la (x; y) = i ;E va(x;y)=(16;16).

xy=1

H2| Gidi hé phuong trinh g g
log”™ x +log” y= 2.
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Cau héi va bai tap

Giai cac hé phuwong trinh (bai 72 va bai 73) :

x4y = 20
72.4) %
logyx +1logyy=1+10g,9;
372 = 1152
73.4)
logﬁ(x =) = 29

74.

15:

76.

747

78.

79.

b) (X +y=1
5 ol .
45 G ¥ =) 5
P },2 =

logy(x + y) — logz(x — y) = 1.

b) <

Luyen tap

Giai cdc phurong trinh (tir bai 74 dén bai 78) :

a) log,(3 —x) +log,(1 —x) =3

C) ?]ng_r . Slug_r+l _ 3.5103_1'4 a 13.?103_1'4 ;

a) 10g3(3x— 1). 10g3(3'r+ Mo )= 12 i

c) Syflogy(—x) = log, \/r_‘z :

I -
a)d Y46 *=9 ¥ ;

c) 3\}1032 X —log)8x+1=0;

2

- 2 .
a) 25]11 X e 4.2(3[]5 X - 6 1

a) [%] =x+4;

Giai cac hé phirong trinh :
32" +23" =275
a) _
2 =3 =) 15

b) log,(9 — 2%) = 10'°8C-9) ,
d) 6_1' i 6_1'+| _ 2_1' + 21‘+|+ 2_1' +2.
b) log, ;4 =1+ 1logy(x—1);

logyX+— log4 x——
d)3 24372 =

b) 4]11.1' + 1 B 6]11.1‘_ 2.3]11_1-2+2 -0 :

2

d) log? (4x) + log, % - 8.
)

|
b) 43+’2c052r _ ?.4I+cnslr _ 42.

' ’]'[ X ’]'[ X ~
b) (smgj + [0053] =1

b {logj x + logs 7.log; y =1 + logs2

3+ log, y = log, 5(1 + 3logs x).
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- BAT PHUONG TRINH MU VA LOGARIT

e Khi giai cdc bat phwong trinh ma va bat phuong trinh 16garit, cAn nhd
rang cac hAm s6 y = @' va y = log, x déng bi€n khi a > 1 va nghich bién khi
O<a <1.

Sau day, ta xét moét s6 vi du don gian.

Vi du 1. Giai cic bat phurrong trinh sau :

Y (R I, Ll N b) 9" < 2.3 +3.

Giai

a) Ta bi€n d6i bat phuong trinh di cho nhir sau :

grd prddugptte gt 4o g, 2R L9000 Y )

e § G5 Pocei] FFL oy BF B oo @J <1

<> x >0 (do tinh nghich bi€n ctia ham s6 y = [%] ).

Két ludn : Tap nghiém cta bat phuong trinh da cho la 8= (0 ; +0).
b) Do 9" = (3")? nén khi dat 7= 3", ta duoc bit phwong trinh > — 2t — 3 < 0.

Bat phuong trinh nay cé nghiém la -1 <7< 3 nén

[88 o =1

1 & 3«3 e x<l
3' <3

9 <23+3 e -1<3 <3 &

(do 3" >0 > —1 véimoi.x va tinh déng bi€n ctia hAm s6 y = 3").

Vay bit phurong trinh di cho ¢6 tip nghiém1a (-0 ; 1).

bl 5 gFe

H1| Giai bat phuong trinh 5

e D061 v6i cde bat phuong trinh 16garit, ta phai dac biét chd v dén diéu kién
xac dinh ctia bit phuong trinh.
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Vi du 2. Giai bat phuong trinh

logg s(4x + 11) < logg s(x* + 6x + 8). (1)
Giiai
Diéu kién xdc dinh cta bat phuong trinh (1) 12 4x + 11 >0 va 16r+8 >0,
Vé&i diéu kién dé, do tinh nghich bi€n ctua him s6 l6garit co s6 0,5, bat

phuong trinh (1) twrong dwong véi 4y + 11 > ¥+ 6x + 8. Boi vay, ta c6 thé viét

(4x +11 >0

(1) & {x?+6x+8>0 g
Ax 4+ 1l x"+6x+8.

{x? +6x+85>0
L

4x+ 11> x° + 6x +8
Giai timg bat phuong trinh :

_vz +6x+8 >0 & x<—4 hoacx >—-2;

Av+11>°+6x+8 < ¥+ 2r—3<0 < -3<x< 1.
Céac gia tri cua x thoa man déng thoi ca hai bat phuong trinh trénlax € (-2 ; 1).
1

Y

Vay tip nghiém cia bat phrong trinh (1)1aS=(-2;1).

H2| Gidi bat phuong trinh log, (x + 1) >logs(2 - x).
3

Cau hoi va bai tap

Giai cac bat phirong trinh sau :

80. a) By . b) 16" >0,125.
81. a) logs(3x-1)< 1 ; b) log,(5x -1) >0 ;
3
2 s, A ] il
c) loggs(x™ —Sx+6)=2-1; d) logy i

X
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82. a) logﬁj x +loggsx—2<0; By 254 - 320,
83. a) logg (x> + x — 2) >logy (x +3) ;

b) log, (xz — 6x+35) + 2log;(2 - x) 2 0.
3

Cau hoi va bai tap on tap chuong II

84. So sdanh p va ¢, biét :

2N 3N
. [ﬂ ? (ﬂ ;

[ 2q
Q25" & | — :
902 <[5

85. Cho x < 0. Chithg minh rang

~1+ Jl + %(2“' — 2-"')2 1<%

1l e 2 1P
V1+$+E@.—2)
86. Tinh

2.3 j} .
H)A = 92]D334+4103312 : b)B = l[}gﬂ a JJIE () ;
Ya

c) C = logslogs ‘\5}\5’5 W35

W
n diu can

87. Chimg minh rang log,3 > logs4.

88. Goi ¢ 1a canh huyén, a va b 12 hai canh géc vuéng ctia mot tam gide vuong.
Chitng minh rang

log,,. a+log,. , a=2log,,  alog,., a.
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39

90

91

. Chirng minh rang haim sé y = In T thoa méin hé thitc xy' + 1 = ¢’
X
X
) .
. Gia sir d6 thi () ctia ham s6 y = = cat truc tung tai diém A va ti€p tuyén
n

ctia ((7) tai A cat truc hoanh tai diém B. Tinh gi4 tri gn ding ctia dién tich cta

tam giac OAB (chinh xdc dén hang phin nghin).

. Ki hiéu M 13 mot diém thuée dé thi ctia ham sé y = log,x. Trong hai khang

dinh @ > 1 va 0 < @ < 1, khang dinh nio ding trong mdi trwrong hop sau ?

Vi sao ?
a) M c6 toado (0,5;-7); b) M cotoadd(05;7);
c) M c6toadd(3:;5.2); d) M c6 toadod (3 ;—5.,2).

. Cac loai cAy xanh trong qua trinh quang hop s€ nhin duwoc mét lwong nhod

cacbon 14 (mé6t déng vi cua cacbon). Khi mét bé phin cia mét cai cay nao dé
bi chét thi hién twong quang hop ciing ngung va ndé s€ khéng nhin thém
cacbon 14 ntra. Luwong cacbon 14 ctia bé phin dé s€ phian huy moét cach chim
chap, chuyén ho4i thinh nito 14. Bi€t rang néu goi P(r) 1a s6 phin tram
cacbon 14 con lai trong mot bo phin cua moét cdi cAy sinh trudng tir 1 nam
triede day thi P(r) duroe tinh theo cong thire

t

P(t) = 100.(0,5)0 (%) .

Phan tich mét mau g6 tir moét cong trinh kién tridc 6, ngudi ta thiy lwong
cacbon 14 con lai trong mau gb dé 1a 65%. Hay xdc dinh nién dai ctia céng
trinh ki€n triic dé.

93. Giai cdc phuong trinh :

x+35 x+l17
aj 9% = grasitog T b) 55 T=10"27 5" .
C) 4.1’ . 3.1'—[],5 o 3.1’+Ufj . 22_1'—| : d) 34.1 +8 - 4 321'+5 i 28 - QIDgl ﬁ

94. Giai cdc phwong trinh

a) logg(lug&j x - 3logy s x + 5) =2: Db)logy(4.3'—6)—logy(9' - 6)=1:
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c)l— %log(ln‘— )= %lng(x— 9);: d) %logz(x— 2)— % = log; ¥3x-5.
8

95. Giai phuwong trinh
4 -3 =1,

96. Giai cic hé phuong trinh :

2logyx— 3" =15
a) ylogx — log4

logy(x — y) = 5—log,(x + y)
b) {

—1: y v+1
-l;;:;zt;:rjwb‘f - 10g3 = 1 . 3 .lﬂgg X 210%2 x+3 .
97. Giai cac bat phwong trinh :
1—-10g4-r 1 v+1 X
& xHl  qex) o o5,
l+log,x ~ 2° b)ngL(é 36)_ 2

5
c) log, (x> — 6x +18) + 2logs(x —4) < 0.

J

Bai tap trac nghiém khach guan

Trong mai bai tap dudi day, hay chon mét phitong dan trong cdc phirong dn da
cho dé duoc khang dinh diing.

98. Gi4 tri bi€u thite log, 36 — log, 144 bang

(A)y=4; (B) 4 ; (C)-2; (D) 2.
99. Biétlog, Ja =2 thi logg a bang

(A) 36; (B) 108 ; (O 6; (D) 4.
100.Tap céc s6 x thoa man logy ,(x—4)+1 >0 1a

(A) (4;+0) 5 (B) (4:6,5; (O (-036,5); (D) [6,5;+).

) 4x 3 2—x
101.Tap cdc s6 x thoa man [3] < [5] 1a

2 2 2 2
(A) [—C’Da E} ;  (B) [—E;er] I (—Oﬂ,g} - (D) [E&wj :
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102.Gid tri biéu thitc 3logy, 10** bang

(A) 0,8; (B)7.2; {1 (D) 72.
103.Gi4 tri bi€u thirc (0,5)log, 25 + log,(1,6) bang

(A) 1; (B) 2 ()3 ; (D) 5.

log, 240  log, 15

104.Gi4 tri bi€u thire
' logy452  loggy 2

+ log, | bang

(A) 4 (B) 3; (©1; (D) - 8.
3 2x-1 3 2-x
105.Tap cdc s6 x thoa man [5] < [g] 1a

A)[B3;40); B)(==;1]; (Of[l;+0); (D) (+0;~-=).
106. D6i véi ham s6 A(x) = e, ta c6

. -
(A)f{gjzeﬁ ; (B)f(

o =

¥

&nf{§]=iﬁ; (D»ﬁ[)=—¢£.

o=

107. D61 v6i ham s6 y = In T ta cH
X

(A) xw'+ 1= e’ : (B) xy' +1 =—¢’ :
C) xy=1=1¢ ; (D) xy'— 1 =-¢".
108. Trén hinh 2.13, d6 thi ciia ba ham s6

y=d ,y=b"viy=c
s A

(a, b va ¢ 1a ba s6 dwong khac 1 cho trudce)
duroc vé trong cling moét mat phang toa do.
Dua vao d6 thi va cdc tinh chat ctua lu§y
thira, hdy so sdnh ba s6 a, b va c.

(A) a>b>c ; Bya>c>bh;
(C) e>b>a; (D)b>c>a.

=y

Hinh 2.13
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109. Trén hinh 2.14, d6 thi ctia ba ham s6

y=logx,y=logyx vay=log.x

(a, b va ¢ la ba s6 duwong khic 1 cho triede) duoe vé trong cung mot mat

phang toa do6. Dua vao d6 thi va cdc tinh chat clia 16garit, hiy so sdnh ba s6 a,

b va c.

(A) a>b>c . (Bye>a>bh; it

© bsase : (D) esbsa y= 1o
110. Phuong trinh log,4x—-1log. 2=3 [\  / _.emgstk

2

c6 bao nhiéu nghiém ? 5 -

(A) 1 nghiém ; (B) 2 nghiém ;

(C) 3 nghiém ; (D) V6 nghiém.

Hinh 2.14
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1.

136

NGUYEN HAM

Khai niém nguyén ham
Bai todn md ddau. Van t6c ctia mot vién dan duoc ban lén theo phwong thang
ditng tai thoi di€ém 7 14 v(f) = 160 — 9,87 (m/s) (coi t = 0 14 thoi diém vién dan

dwoc ban 1én). Tinh quiang dudng di duoc clia vién dan ké tir khi ban 1én cho
dén thoi diém .

Goi s(¢) 12 quing dudng di duoc clia vién dan sau khi ban dugc ¢ giay.
Ta da biét v(¢) = 5'(f). Do do ta phai tim ham s6 s = s(¢) thoa man diéu kién :

()= 160 — 98¢ .

Nhiéu vin dé ctia khoa hoc va Ki thuat da dan t6i bai todn sau day :

Cho ham s6 f xdc dinh trén K, o dé K la mét khodng, mét doan hodc mét nita
khodng nao dé. Hdy tim ham sé F sao cho F'(x) = flx) voi moi x thuéc K.

DINH NGHIA

CHUY

Cho ham s6 f xdc dinh trén K. Him s6 F duoc goi 1a nguyén ham
cia f trén K néu F'(x) = f(x) véi moi x thuée K.

1) Trong truong hop K = [a; b], céac dang thic F'(a) = f(a),
F'(b) = f(b) duwoc hi€u la

F(x)—- F(a)

= f(a) va lim 20— F0)

x—=h Xl

lim

Y
X—ra

= f(b).

2) Cho hai ham s6 fva F lién tuc trén doan [a; b]. N&u F 12 nguyén
ham cta f trén khoang (a; b) thi c6 thé chitng minh dwoc rang
F'(a) = f(a)yva F'(b) = f(b), do d6 F ciing 1a nguyén ham cua f
trén doan [a ; b] .
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Vidu 1
3

# ”T %, a w, » %, i - =
a) Ham s6 F(x) = 3 la nguyén ham cua ham s6 f(x) = v tén R vi
3 1
X ’ g
[T] = x? véi moi x € R.

trén khoang

b) Ham s6 F (x) = tanx 1a nguyén ham ctia ham s6 f(x) =

(_

c) Ham s6 F(x) = 3 213 nguyén ham cua ham so6 f(x) = \/T trén nira

cos X

N S

mY o oo mom
' vi (tany) = ;- Voimoi x €| —7 ;5 |.

cos X

khoang [0 ; 4+0) vi F'(x) = \/: véi moi x € (0;+) va ca hai hAm s6 fva F

déu lién tuc trén [0 ;+).

H1| Céac ham s6 F(x)=-2cos2x va F(x)=-2cos2x+2 la nhimg nguyén

ham cia ham sé nao ?

DINH LI 1

Gia str ham s6 F 1a moét nguyén ham ciia hAm s6 f trén K.
Khi d6

a) V6i méi hang s6 C, hAm s6 y = F(x) + C cing 1a mot
nguyén ham cna f trén K.

b) Newoc lai, véi méi nguyén ham G cna f trén K thi ton tai
mot hang s6 € sao cho G (x) = F (x) + C v6i moi x thuoc K.

Chitng minh
a) Giasr G (x) = F(x)+ C. Khi d6 G'(x) = F'(x) =f(x).

b) Pat Hx) = G(x)—-F(x),taco H'(x) =G'(x) — F'(x) = f(x) —f(x) =0 v&i

moi x € K.Vay H 1a ham s6 khéng déi trén K, tirc 1a H(x) = € véi C 12 mot
hang s6. Suy ra G(x) = F(x) + C v6imoi x € K. ]

137
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Vi du 2. Tim nguyén ham F cua ham s6 f(x) = 3x? trén R thoa min diéu
kién F(1) =—1.

Giai. Dé thiy y = ¥ 1A moét nguyén ham cia ham sé f(x) = 3v? nén nguyén

3

him F cin tim c6 dang F(x) = x~ + C.

ViF(l)=-1 nén Py C=-1 suyraC=-2.Vay F (x) = 2 =,

e Tir dinh 1i | ta thdy néu F la mo6t nguyén ham cua f trén K thi moi nguyén
ham cta ftrén K déu cé dang F(x)+ C véi Ce R. Vay F(x)+C, Ce R

la ho tit ca cac nguyén ham cua f trén K.
Ho tit ca cdc nguyén ham cua f trén K duoc ki hiéu lz“ljf(x)dr . Vay
I_f(,r)dr - F(X)+C,CeR.

Nguoi ta cling dung ki hiéu _[ f(x)dv dé chi mét nguyén ham bat ki ctia £,

Y

Vay
([ F(xyde) = Fox).

(Vé ki hiéu If(,r)dr xem bai Em c6 biét : "Ngubn gbc cua ki hiéu nguyén
ham va tich phan" tr. 157).

e Nouwdi ta di chimg minh duoce rang : Moi ham sé lién tuc trén K déu co
nguyén ham trén K.

e Tir day, trong cédc bai todn vé nguyén him clia mot ham s6, néu khong néi gi
thém, ta luén gia thiét rang ham sé do6 1a lién tuc va nguyén ham cua né duoc
xét trén moi khoang (nira khoang, doan) xdc dinh ctia ham s6 dé.

Nguyén ham cua mot s6 ham so6 thuong gap

Bai toan tim nguyén ham la bai toan nguwoc véi bai todn tim dao ham. Viéc
tim nguyén ham ctia mot ham s6é thurdng diroc dira vé tim nguyén ham cna cic
ham s6 don gian hon. Sau diy la nguyén ham cta mot s6 ham sé don gian
thuwong gap.
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1) [ody = C Id.t‘ = _[lr.ir —x+C;
) ra+l
LA I - A - .
2)._1 d_x—m+l+(, (a #-1) ;
3) 'lrdx = Inld + C :

4) Vé6i k 12 hang s6 khac 0

cos kx
k
sin kx
k

a) J.sin kxdy = — + (' ;

b) [ cosky dx =

kx

c) [ dx = ET g

X

d) [a¥dx = 2

+C 0O<azl);
Ina

5) a) . 12 dx =tanx + C ;

cCos X

sin2 X

b) I 1 dx =—cotx+ C.

Ta dé dang chirng minh cdc céng thifc trén bang cdch tinh dao ham vé& phai.
sinkx

Chang han, vi [ ] = coskx nén ta ¢6 coéng thirc 4) b).
Vidu3

a) J.4u1'4dr = %xﬁ + C.

[ 5
b) J\Edr e I.:t'zdr s B + C = = +C = —Jx_j + C.
1 1 3 3
2 2
sin—
o D e i oo
g) J.CDSQd_K = = 251112 + (.
2
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H2| Tim a) j%dr : b) IsinE_rdr.
X

3. Mot so tinh chat co ban cua nguyén ham

DINH LI 2

Néu £, ¢ 1a hai ham s6 lién tuc trén K thi

a) I[f (x)+ g(x)]dx = If (x)dx + IR(I) dx;
b) Vi moi s6 thue £ # 0 tacd

J./xf(x)dx = k_[f(x)dr .

Chitng minh. a) Ta cin ching t6 rang v€ phai 1a mot nguyén ham cta f + g.

That vay ta c6

[t oo = ([ o Jon] = 60,
b) Chitng minh tiwrong tur. .

Dura vao nguyén ham cta cdc ham s6 thudng gap va van dung hai dinh If trén
P Ao 5 % ) . - A "
ta c6 thé tinh duoc nguyén ham cua nhiéu ham sé khac.

Vidu 4. Tim

a) J‘[‘g + j;]dr :

b)ﬂx—nu4+mmn;

c) J.sing,r dx.
Giai

o2, x -
El) J.[ ) + \/; dx = J.de = J.fdl

! 2, 2 '
= %sz dy + 2.[1‘ 2 dx =

= %\/F+4J;+(.‘.

1 - -
grl + 41‘2 + C
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12

b) J'(.x- ~ D(x? + 3x)dx = j(.rﬁ ~ x4 3x% - 3x)dx

= J.,rﬁ dx — J.fi dx + J.3J.’2 dx — I3.T dx

6 5 2

L E oy PR

=5 3 + X 5 + C.
c) J.sin2 xdx = Il — ?DSZI dx = rLJ.ch‘ — ljlcnslrdx T Lo FE

2 ) 2 2 4
H3| Tim

a) J‘(ﬁ +2x2 —4ydx b) Icnsz x dx.

Cau hoi va hai tap
Tim nguyén ham cna cac ham s6é sau :

2 X . 3
a) f(x)=3x" + 5 ; b)fix) = 2™ =88 47 ¢
1 » 1 '% 2x
c) flx) =—=x —3 d)yf )= x + ; e) f(x)=10"".
&
Tim
2) [+ ¥y ; b) j""‘Ej‘de;
X
%~ e 1 + cosdx
c) I4sm xdx ; d) j 5 d.x.
Chon khang dinh diing trong cdc khang dinh duéi day :
Nguyén ham cta haim s6 y = xsinx la
(A) ¥’ sin% + C ; (B) —xcosx + C ; (C) —xcosx + sinx + C.
Khang dinh sau ding hay sai ?
Néu £(x) = (1- +fx ) thi _[f(.r) dx = —fx + C.
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MOT sO PHUONG PHAP TiM
- NGUYEN HAM

1. Phuong phap doi bién so
Co s& clia phurong phap déi bién s6 14 dinh 1i sau day.

DINH LI 1

Cho ham s6 u = u(x) c6 dao ham lién tuc trén K va ham s6 y = f(u)

lién tuc sao cho f|u(x)] xdc dinh trén K. Khi dé néu Fla mot

nguyén ham cta f, tirc la I_f(u)du = F(u) + C thi

jﬂmmhmﬂdxzfmun+c. (1)

Chitng minh
Theo quy tac tinh dao him ctia ham s6 hop, ta cé
(F[u(x)]+ €)' = F'[u(_r)]s.f'(x) = f[:.f(,r)]s.r'(hr).
Viy tacé (1), O
CHUY
Trong thue hanh, ta thudng viét tat Flu(x)] 1a F(u) ; flu(x)] 1a fu)

va coi du 1a vi phin ciia ham s6 u = wu(x) (nghia 1a du = du(x) = u'(x)dy).

Khi dé, céng thire (1) duoc viét nhir sau :

j_f[u(,r)]u '(x)dy = j_f[u(,r)]du(x) = J.f(u) du
= F(u)+ C = F[H(I)] + C. (2)

Ta néi da thue hién phép déi bi€n u = u(x).

Vidu 1. Tim I(Zx + l)4 dx.
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N ) 1 , , 1
Gidi. Ta cé 2x +1)? dx = it D x + 1)dx = {0l Dd@x + 1).
Pat u = u(x) = 2x + 1. Ap dung céng thic (2), ta cé

, 1 I I
_[(2}: + DY dy = ja(zx + DYy + 1) = J’Eu“ du = EJ‘H“ du

- %-lsuj L C = %(Zr T

H1| Tim _[z_r(_r? 1) dy

2x
Vidul. Ti —r—d'
idu HHJ.3I2+4 X

Giai. Ta cé
1

- - 2 ' L 5
2xdx _ (.I‘ + 4) dx :(IZ +4) 3d(.t‘2 _|_4)_

\}3 X% +4 \/3 X2+ 4
Pat u = x° +4. Ap dung céng thiic (2), ta c6

|
2x 2 - ) g
I—d_r: j(x +4) 3d(x? + 4) = ju du
\’3 IQ + 4
3 2 .

= 514'3 + (= %(.rz + 4)E + C.

Vi du 3. Tim Icos (7x + 5)dx.
(ziai. Ta co

cos(/x + 5)dx = %cos(?x +5)(Tx +5)'dx = %cos(?x + 5)d(7x + 5).

Pat u = 7x + 5. Céng thire (2) cho ta
Icos(?x + 5)dx = J‘%CDS(?I + 5)d(7x + 5) = I%cosudu

1 1
= 75111:1 FE= 73111(71‘ +35)+ C.

SI0L.Y

Vidu 4. Tim I e cosxdxy.
(riai. Ta cé
e cosxdy = e™™¥d(sinx) .
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Pat u = sinx. Coéng thire (2) cho ta
J‘esm'r cosxdx = J'em'r d(sinx) = je” di = & e Lo

)
H2|7im J._re'""r dx.

2. Phuong phap lay nguyén ham tung phan

144

Co s& cua phuong phap 1ay nguyén ham timg phin 1a dinh 1i sau day.

DINH LI 2

Néu u, v 1a hai ham s6 ¢6 dao ham lién tuc trén K thi

jlf(.l')]"(_.l‘) dx = u(x)v(x) — I]-’(I)H'(.l') d.x.

Céng thitc trén goi 1a cong thitc ldy nguyén ham ting phdn (goi tat 1a céng
thitc nguyén ham ting phdn) va dwoc viét gon dudi dang

J.udv = Uy — I]-‘du.
Chitng minh
Ta can chitng to v€ phai 1a mot nguyén ham ctua wy'. That vay
(u(.r)v(x) — J.v(.r)u'(.r)d.r)' = u(x)v'(x)+v(x)u'(x) — (I]-’(A’)Hl(.l')dx)'
= w(x)v'(x) + v(x)u'(x) = vix)u'(x) = u(x)v'(x). O
Vidu 3. Tim J..I' cos xdx.
Giai
Dat u(x) = x, v'(x) = cosx. Khi d6 u'(x) = 1, v(x) = sinx (chi cin 1Ay mot
nguyén ham cta v'). Theo céng thirc nguyén ham tirng phan, ta cé

J.Jf cosxdy =.x siny —Isinx dx = x sinx + cosx + C .

Vidu 6. Tim nguyén ham cua ham sé y= Inx.

Giai

Pat v = u(x) = Inx, dv = dv. Khi d6 du = ldr, v = v(x) = x. Theo céng
X

thitc nguyén ham tirng phan, ta cé

1

X

Jlln.r dx = xlnx - Il dy =xlnx — Idr = xlnx —x + C.
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H3| Tim nguyén ham cia ham sé fix) = %ez"' _

(Huong dan. at u(x) = % v'(x) = e2Y).

"~ ?m u i m ~
Cau hoi va bai tap
5. Diung phrong phdp d6i bién s6, tim nguyén ham ctia cdc him s6 sau :

Oy 2

ey
|

b) f(X) = ————
OF) =1 - x2  (Hudng dén. Dit u =1— x%) ;

1
d) f(x) = -
i (1 +x)2

6. Dung phuong phap 1dy nguyén ham tirng phan, tim nguyén ham ctia cdc ham

a) f(x) = (Huong din. Dat u =1 - x7) ;

(Huong dan. Dat u=5x+4);

(Huong dan. Dat u = 1+ \/;).

sO sau :
a) fix) = xsin% : b) f(x) = x% cosx ;
¢) f(x) = xe™; d) f(x) = x’1n(2x).

Luyen tap

Tim nguyén ham ctia cdc ham sé sau :

7. a)f(x)= 3xv7 - 3,1'2 : b) f(x) =cos(3x + 4) ;
1 ’ v ¥
c) f(x) = c052(3,1' ) : d) f(x) = sin 3 cns§-
Y 1.1 1
8. a)f(x)= xz[i — 1] : b) f(x) = —sin—cos— ;
18 2 ¥ X
) f(x) = X ; d) f(x) =¥
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9. a)f(x)= x2 cos 2x : b) f(x) = -J; Inx ;

cl-lx) = sin? xcosx : d) f(x)= J’Crc:s(rg) ;

| TIiCH PHAN

1. Hai bai toan dan dén khai niém tich phan

146

a) Dién tich hinh thang cong Y4

Cho ham s6 y = f(x) lién tuc va 14y gia tri duong 4'@ L
trén doan [a ; b]. Hinh phang gi6i han bai dé thi 3

him s6 vy = f(x), truc hoanh va hai dudng thang N

X = a, x = b duoc goi 1a hinh thang cong (phan t6

dam trong hinh 3.1). | 4 B _
Bai toan dat ra 1a tim coéng thire tinh dién tich g a 2 *

cta hinh thang cong. Hinh 3.1

Bai toan 1
Cho hinh thang cong giéi han bdi d6 thi him s6 y = f(x), truc hoanh va hai
duong thang x = @, x = b (a < b). Gia strf 13 ham s6 lién tuc, déng bién va

nhén gid tri duong trén doan [a ; b]. Ching minh rang dién tich S ctia hinh
thang cong dé la

S =F(b) - F(a)
trong d6 F 1a m6t nguyén ham bat ki ctia f trén doan [a ; b].
C'hirtng minh
Ki hiéu S(x) (a < x < b) 1a dién tich hinh thang cong gidi han boi do6 thi
him s6 y = f(x), truc hoanh, duwdong thang x = ¢ vi dudng thang di qua

diém x trén truc hoanh vA vuéng gbéc véi truc hoanh (h.3.2). Nhu vay, ta ¢6
mot ham s6 y = S(x) xac dinh trén doan [a ; b].
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Trude hét, ta chimg minh y = S(x) 132 mét nguyén ham ctia ham s6 y = f(x)
trén doan [a ; b]. That vay, gia st x, 12 mot di€ém tuy ¥ ¢6 dinh thudc khoang
(a;b). Xét diém x e (xq:h].

Khi d6 S(x) — S(x,) la dién tich hinh thang cong MNEQ (h.3.3).

A Yi
d ﬁ=ﬂx) /y=Fx)

o) £
Fikoy r
e %o & o
b X 0 a M NBbB x
Hinh 3.2 Hinh 3.3

Do f 12 ham déng bién nén hinh thang cong MNEQ nam trong hinh chir nhat
MNEF va chira hinh chir nhat MNPQ. Viy

Sunro < Suneo < SuNEF
tire la Flxp)x — xp) < S(x) = S(xp) < fx)(x — xp),

S(X) - S(IU) < f(r) (1)

suy ra flxy) <
Xg

i lim f(x)= f(x,) nén fir (1) nguoi ta chimg minh duoc
."l'—}.‘l'u

lim S(x) = S(xp)

x—=xy X = Xy

= f(x).

) N s 00x) =8
Tuong twrvéi x € [a; xy), tacling c6 lim () (o)
X=X, X=X

= f(xp).

vig T ol ") peemopaseetey — T
xox, X — X

Vi x, la tuy y thuée (a;b), nén suy ra 8'(x) = f(x) v61 moi x € (a;bh).

Tuong tr, ta ¢6 : S'(a)= f(a),S'(b)= f(b). Viy ham s6 y = S(x) 1a mot

nguyén him cua f trén doan [a ; b]. Thanh thir t6n tai hang s6 ' sao cho

S(x) = F(x)+ C.
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Dé thay 8§ = S(b) — S(a).
Do dé S = 8(b) — S(a) = (F(b) + C) - (F(a) + C) = F(b) — F(a). O

H1| T7inh dién tich hinh thang cong gidi han bdi do thj ham s6 y = o fruc hoanh
va hai duong thangx =1 ; x = 2.

b) Quang dudng di duoe cua mot vat
Bai todn 2
Gia str mot vat chuyén déng cé van téc thay doi theo thdi gian, v = ir) (0 <t < T).
Chitng minh rang quing dudng L vat di duoc trong khoang thdi gian tir thoi
difmrt=a dénthoidiEmr=b(0<a<h<T) la

L =F(b) - F(a),
trong dé F 1a mét nguyén ham bat ki cta f trén khoang (0 ; T).

Chitng minh

Goi s = s(f) 1a quang dudng di duoc clia vat cho dén thoi diém ¢. Quing dudng
vat di duoc trong khoang thoi gian tir thoi diém ¢ = @ dén thoi diém t = b 12
L = s(b) — s(a). Mat khac, ta di bi€t s'(t) = f(t), do d6 s = s(f) ]a moét nguyén
ham cta f. Thanh thir, ton tai hang s6 € sao cho s(f) = F(t) + C. Vay

L = s(b) — s(a) = [F(b) + C] - [F(a) + C] = F(b) — F(a). -

2. Khai niém tich phan

148

Trong khoa hoc va ki thuét, ¢6 nhiéu dai luwong quan trong diroe biéu thi bang

hiéu F(b) — F(a) trong d6 F 1a mot nguyén ham ctia ham s6 f nao dé.

DINH NGHIA
Cho ham s6 f lién tuc trén K va a, b 1a hai s6 bat ki thudéc K. Néu
F 1a moét nguyén ham cua f trén K thi hiéu s6

F(b) — F(a)

duoc goi 1a tich phan cua f tira dén b va ki hiéu 1a

h
jﬂﬂm.
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b
Trong trudong hop a < b | ta goi I_f (x)dx 1a tich phdan cua ftrén doan [a ; b].

o

b
H2| Ching minh rang I f(x)dx la mét s6 khéng phu thudc vao viéc chon nguyén

i
ham F nao trong ho cac nguyén ham cda f

h 3 7 - # -
Nguoi ta con dung ki hiéu F(r)L dé chi hiéu s6 F(b)— F(a). Nhur vay néu

F 1a moét nguyén ham cna f trén K thi

b
[ F(xydx = F(x) .

Vi _[f (x)dx 1a mot nguyén ham bat ki cua f nén ta c6

h

h
[ Fdy = (j f(.r)dr)

o

Ngurdi ta goi hai s6 a, b 1a hai cdn tich phdn, s6 a 1a cdn dudi, s6 b 1a can trén,
f1a ham s6 duor ddu tich phdn, f(x)dvy 14 biéu thicc dudi ddu tich phdan va x 13

bién sé'ldy tich phdn.
CHU Y
D61 v6i bién s6 1ay tich phan, ta ¢é thé chon bat ki mot chir khic

thay cho x. Chang han, néu str dung chit ¢, chit u,... ]am bi€n s& 14y

tich phéan thi

b b
_[_f(r) dr, j F(u)du, ... déu 1A mot s6 vi s6 dé bang F(b) — F(a).

5 i
1 5 5
idul. —dx = Inl}|x = In5-1n3 = In=—;

Vidul rd ] 5 In5-1n3 =1 3
3
4 2 4

| X

I.l’—i—— dv = | — + In|A| =6+ 1n2. ]
: ok 2 2
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Véi dinh nghia tich phan, bai todn | ¢é thé phat bi€u lai nhir sau :

Cho ham s6 y = flx) lién tuc, déng bién va nhin gia tri duong trén doan [a ; b].

Khi dé dién tich § ctua hinh thang cong gi6i han bdi d6 thi ham s6 y = flx), truc

b

hoanh va hai duong thang x=a, x=h1a 5= I FexXae.

o

Téng quat, ngudi ta chimg minh duoc

150

DINH LI 1

Cho ham s6 y = f(x) lién tuc, khoéng Am trén doan [a ; b]. Khi
dé6 dién tich § cta hinh thang cong giéi han bdi d6 thi ham s6

y = f(x), truc hoanh va hai dudng thang x = a, x = b 1a

= ]if(,r) dx.

H3| Mot vat chuyén déng véi van téc thay déi theo thdi gian v = f(t). Chitng minh

rang quang dudng ma vat di dudc trong khoang thoi gian tit thoi diém a dén thoi
b

diém b I J' F(1)dt.

o

Vi du 2. M6t 6t6 dang chay véi van téc 20m/s thi nguoi 1ai dap phanh (con

néi 1a "thang"). Sau khi dap phanh, 6t6 chuyén déng chaim dan déu véi van tée
v(t) =40t + 20 (m/s), trong d6 ¢ 1 khoang thdi gian tinh bang giay ké tir liic
bat ddu dap phanh. Hoi tir lic dap phanh dén khi dimg han, 6t6 con di chuyén
bao nhiéu mét ?

Giai. LAy m&c thoi gian 1a lic 6t6 bat dau duoe phanh. Goi T 1a thdi di€ém 6t6
dirng. Ta c6 v(T) = 0 suy ra 20 = 40T hay T = 0,5. Nhir vy, khoang thoi gian tir
liic dap phanh dén khi dirng han ctia 6t6 14 0,5 gidy. Trong khoang thoi gian 0.5
giay do, 6t6 di chuyén duroe quing dudng 1a

0.5 "
fies j (20 — 40¢)dt = (20t — 20£%) E‘” - 5 (m).
0
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3. Tinh chat cua tich phan

C4c tinh chit co ban ctia tich phan dwoc phat bi€u trong dinh 1i sau déy.

DINH LI 2

Gia str cac ham s6 f, ¢ lién tuc trén K va a, b, ¢ la ba s6 bt

ki thuéc K Khidéta co

) j_f(.r) dr =0
b i

2) [fody = ~[ fx)dv
a b
h ' [y

3) [feodv+ [f()dy = [f(x)dr ;
a b a
b b b

4) JUf () + go)ldy = [fr)dy + (o) ;
b h

5) j,cgf(_r) dx = k_[ f(x)dx véi ke R.

o

Chitng minh. Ta chitng minh céc tinh chat 3) va 4).
Gia sir F 1a mot nguyén ham cua f.
3) Taco

b ¢
j F(x)dx + j f(x)dx = F(b)— F(a)+ F(c)— F(b)
a b

= F(c)- F(a) = I_f(,r) dx.

4) Ap dung dinh 1i 2 ctia §1 ta ¢é
b

.[[-f(”ﬂ + g(x)]dx = (J.[f(l’) 4 g(x)] d,v.)‘i = (jf(.r)dr)i s (J.g(.r)dx)i
- iif(l")df - ii:g(-r) dx. =
151
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H4| Hay chimg minh céc tinh chét 1), 2) va 5).

3 3
Vi du 3. Cho I f(x)dx = =2 va _[g(.r)d.r = 3.
| |
Hay tinh
3 3
j[3 f(x) - g(x)]dy va j[s — 4£(x)]dv.
| |
Gidi
3 3 3
j[3 f(x) = g(x)]dx = 3] F(x)dx — jg(x) dx =3.(-2)-3=-9,
| |
3 3

|
3
j[s — 4F(x)]dy = sjdx - 4If(,x')dr =52 -4(-2)=18.
| | |

HS5| 7im b néu biét rang

b
I(Z_r— 4)dx =0 .
0

Cau hoi va bai tap
10. Khoéng tim nguyén ham, hay tinh cac tich phan sau :
4 v 2 3
a) I ["— + 3] dy : b) I|1| dx c) J.\/() — x? dv.
2
-2 -1 -3
Huong dan. Ap dung dinh 1i 1.

2 5 5
11. Cho biét j f(x)dx =-4, j Fflx)dx =6, jg(x)dr — 8. Hay tinh
| | |
5 2
a) J.f(x)dx : b) j.3f(«r)dr ;
2 I
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5

5
o) [[f(x) - g()]dx ; d) [[4f(x) - g(x)]dx.
I

I
3 4 4
12. Cho biét j f(z)dz =3, j f(x)dx = 7. Hiy tinh j f(t)dt.
0 0 3

h
13. a) Chitng minh rang néu f(x) = 0 trén [a ; b] thi j f(x)dx = 0.

h h
b) Chitng minh rang néu f(x) = g(x) trén [a ; b] thi _[ f(x)dx > Ig(.r) dx.

s s
14. a) Mot vat chuyén déng véi van tée v(f) = 1 — 2sin 2f (m/s). Tinh quang dudng
vat di chuyén trong khoang thdi gian tir thoi diém ¢ = 0(s) dén thoi diém

3
fiies Tﬂ (s).
b) Mot vat chuyén dong cham dan véi van tée v(t) = 160 — 10t (m/s). Tinh

quing dudng ma vat di chuyén duoe tir thoi diém ¢t = 0 dén thoi diém ma vat
dirng lai.

15. Mot vat dang chuyén doéng véi van téc 10m/s thi tang t6c véi gia toc

a(t) = 3t + £ (111/52). Tinh quang duong vat di dwoc trong khoang thoi gian
10 giay ké tir liic bat dau tang tc.

16. Mot vién dan duoc ban 1én theo phuong thang ditng véi van téc ban diau 25m/s.
Gia toéc trong truong la Q,Smfsz.

a) Sau bao l4au vién dan dat t&i do cao 16n nhAt ?
b) Tinh quing duwdng vién dan di dwoc tir lic ban 1én cho dén khi cham dat
(tinh chinh x4ac dén hang phan tram).
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| ; TINH GAN BUNG TICH PHAN VA KHAI NIEM
S/ 16NG TICH PHAN

Tinh gan dang tich phan
b

T dinh nghia tich phan ta thdy muén tinh tich phan If(_r)dx' thi phai tim dugc mot
il

nguyén ham F cla f. M3c du nguyén ham nay chac chan tén tai nhung trong nhiéu

trudng hop ta khéng thé tim dudc biéu thic tudng minh clia F(x) qua cac ham sd cap

da biét. (Chdng han, ngudi ta da ching minh rang nguyén ham cta cac ham sé

2 sin x 4

Y=l 5 Yo Y=y ldex
X

, ... khéng thé biéu dién qua cac ham sd cap da

b
biét.). Trong nhimg trudng hop nhu vay, viéc tinh diing tich phan If(_r) dx la khéng
o
thé thuc hién dugc. Vay cé thé tinh gan ding tich phan d6 dugc khéng ?
a) Cho ham sé y = fix) lién tuc va 18y gia tri duong trén doan [a ; b]. Xét hinh thang
cong H gi6i han bédi dé thi ham sé y = f(x). truc hoanh va hai dudng thdng x =a,
x=~h (trén hinh 34, ham sé f(x)=5- .1'2, a=-1,b=2). Goi§ la dién tich cha H.
b
Theo dinh 1i 1 ta ¢6 § = f F(x)dx .
of
V&i mbi s6 nguyén duong n, ta chia doan [¢; b] 1am n doan con bang nhau bdi cac
b—g b—a
— e xXp=a+k >
Dung céac hinh chir nhat B, véi day la doan thang [x; ; xp4;1, chiéu cao la f(x;)

(k=0,...,n —1). Dién tich cia hinh chit nhat B, 1a f(x,)(x.,;—x;).Goi A Ia
hop cla n hinh chiir nhat By, B.....B, _; (xem hinh 3.4b véin = 10) va §(A, ) la dién
tich ciahinh A, . Tac6é S(A,) la téng dién tich cha n hinh chir nhat B,.B,....B,_,.

diém Xg =@, Xy=a+ o= B =0, 1.8, ..0)

n-=1

Vay S(4,)= > fly )0 — ).
k=0

Khi s6 diém chia n cang 16n, s6 hinh chir nhat By,B,,...,B, ; cang nhiéu thi dién
tich S(A, ) cla hinh A cang gan véi dién tich S ciia H (xem hinh 3.4c véi n = 20,
hinh 3.4d véin = 30). Vay S = S(4,) nghiala
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n-1

b
[Feodes Y FOq )0 —x0)
a k=0

1

Hinh H

1
Hinh Ay Hinh Ay
c) d)

Hinh 3 4

b) Cé thé nhan dudc céng thirc gan dung trén véi 1ap luan nhu sau ; Gia s&r moét vat
chuyén déng véi van téc v = fir). Ta chia khoang thai gian [a; b] thanh n khoang thai

gian bang nhaua =ty <t; < ... <t, = h. V6in kha |6n thi khoang thdi gian (7, ; t;,; )
kha bé nén cé thé coi rang trong khoang thdi gian dé vat chuyén déng véi van téc

khéng d8i. Khi d6, quéng dudng vat di dude trong khodng théi gian (¢ ; #. ;) Xap xi
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bang fit; )(#; 41 — #; )- Thanh thir quang duceng vat di dudc trong khoang thai gian
n—1

[a : b] xap xi bang Z f(t )ty — tp). M&t khac, ta da biét quang duong di dudc 12
g

b

I f(t)dt . Vay ta c6

o

=

b 1
[foat=Y fa e, -1
] k=0
2. Khai niém tong tich phan
M6t cach téng quat, cho ham sé y = f{x) lién tuc trén doan [« ; b]. V6i mébi sé nguyén

duong n, ta chia doan [« ; b] lam n doan con bang nhau béi cac diém chia
b—a b—a

X =% = a% — T
n n

seuy Rl =06 A i)

5 . - b—a
Moi doan con déu co6 do dai bang

n
n—1

Ki higu Sy = D FORg 41 = Xp).
k=0
S, dugc goi la téng tich phan cdp n clia ham s6 y = f(x) trén doan [a ; b].

Ngugi ta da chimg minh dudc dinh Ii sau day, goi |a dinh Ii co ban clia tich phan

Dinh Ii
Cho ham s6 y = f(x) lién tuc trén doan [a ; b]. Goi S, |a téng tich phan cép n cla
ham s6 y = f(x) trén doan [«, b]. Khi d6

b
limsS, = | f(x)dx.
i
e

b n—1
Thanh thir khi n 16n ta c6 If(.x‘) de= §, = z 7 MR oy
0

el k=
ar

Nhur vay téng tich phan S, dung dé tinh xap xi tich phan. Khi cdp » cang 16n thi téng
b
tich phan S, cang gan véi tich phan If(.t)dr va su xap xi cang tét, dé chinh xac

i
cang cao.

Chu y. Vé mat lich sir, khai niém tich phan ducc hinh thanh déc lap véi khai niém
nguyén ham. Tich phan clla ham so6 f trén doan [a ; b] dugc dinh nghia la giéi han
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h
cla tng tich phan cdp n clia f trén doan [a; b]. Péng thirc _[f(_r) dy= F(h)- F(a),
o
ma ta dung lam dinh nghia tich phan, dugc tim ra sau dé bdi hai nha toan hoc Niu-
ton va Lai-bo-nit. Pang thic d6 cho ta mai lién hé gilra tich phan va nguyén
ham va dudc goi la cong thie Niu-ton — Lai-bo-nit.
9.__%?5!)

-l %‘f‘?ﬁ"
Yy |
¥, |\- -I
L

’ 4

k- F
i

3‘“’%’“5;::}

i F— '-
|

1 NGUON GOC CUA Ki HIEU NGUYEN HAM VA TiCH PHAN

Ki hiéu tich phan la do nha toan hoc thién tai ngugi Bic Lai-bo-nit (1646 — 1716)
dua ra. Tich phan clia ham s6é ftrén doan [« ; h] dugdc 6ng dinh nghia la giéi han clia
téng tich phan.

n-1

lim > fO )y —xg). (1)

k=0
Thdi Lai-bo-nit, hiéu x, ., — x;, thuong dudc viét la dy, = x, ., — x;, do d la chir
dau cla chir La-tinh "diferentia” (hiéu s6). Do d6, giéi han (1) dugc viét lai thanh

n-1

lim > f(x)dy.
k=0
Ki hiéu Z (téng s6) cing nhu chif § ¢é nguén géc tir chir La-tinh "summa" (cé

nghia la téng s6). DAau tich phan I |a mét bién dang don gian clia chii S.
b
Ki hiéu J.f(_r)dr mudn néi rang day la gidi han cda téng cac sé hang f(x; )dx; .

(]

h
Thanh thr, gidi han (1) dugc ki hiéu |a J.f(_t')dr.

o

b
Céng thirc _[ Flx)dx = F(_r)liz v8i F la nguyén ham tuy v cGa f néu I1én méi lién hé
ol

gitra tich phan va nguyén ham va ki hiéu If(_t) dx dugc ding dé chi cac nguyén
ham clia f. Viéc coi jf(_r) dx la mét nguyén ham bat ki clia fdan dén céng thic truc

b

[

b b
quan va tien lgi 1a [ f(x)dr = (_[ f(_t)dr) Ngudi ta con goi [ f(x)dx Ia tich phan
o o
xac dinh va jf(.r)d.r |a tich phan bat dinh (khéng xac dinh) cha ham f.
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MOT sO PHUONG PHAP TINH TiCH PHAN

1. Phuong phap doi bién so

158

Co s& clia phirong phap déi bién s6 13 cong thite sau day.

u(h)
Ifu(r)u(r)dx jf(u)du (1)
la)

trong d6 ham s6 u = u(x) cé dao ham lién tuc trén K, ham s6
y= f(u) lién tuc va sao cho ham hop f[u(x)] xdc dinh trén K ;
a va b 1a hai s6 thuéce K.

Cong thite (1) duoc chimg minh nhir sau :
Goi F la nguyén ham cua f . Khi d6 vé€ phai cua (1) la F[u(b)] - F[H({I)].
Theo dinh 1i 1, §2, v€ trdi ctia (1) la

h
(F[u(x)])L = Fu(b)] - Flu(a)].
Ta thay v€ trdai bang vé€ phai. Vay (1) duoc chimg minh. O
Cong thite (1) dwoc goi 14 céng thiic déi bién s6.

Phuwrong phdp déi bién s6 thudng duwroc 4p dung theo hai cich sau day.
h
Cdach 1. Gia sir ta cin tinh _[g(.r)dx. Néu ta viét duoc g(x) dudi dang
o
flu(x)]u'(x), thi theo cong thire (1) ta co
u(h)
jg(x)d.r = [ fadu.
tla)
uih)
Vay bai todn quy vé tinh _[ f(u)du. Trong nhiéu trudng hop viéce tinh tich
Hia)
phin méi nay don gian hon.
2
2
Vi du 1. Tinh j.re" du.
|
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Gidi

2 CO J
Tacd xe* dx = %ﬁ‘:"l d(x?). Dat u = v? tach u(l)=1,u(2) =4. Do dé

2 9 4 E” 1 4
_I[_rez" dag= _I[?du = E(e —e).

3
H1| 7inn J‘Jm— + 3dx bang céach dat u=2x+3.
|

B
C'dach 2. Gia st ta can tinh If(x) dv. Patx =x(t) (t € K) va a,b e K thoa
o

man & = x(a), B =x(b) thi céng thirc (1) cho ta

Ji h
[ feode = [ flett]x'()d.

h

Vay bai todn quy vé tinh Ig(r) dr (& d6 g(t) = flx(1)].x'(¢)). Trong nhiéu
a

treong hop, viéce tinh tich phdn méi nay don gian hon.

|
Vi du 2. Tinh j\h — x2dx.
0

Giai
Pat x =sint. Ta ¢6 dx = d(sint) = costdf,0=sinOva 1 = sin%.
-
I 2 .
Viy I | — x> dx = J“\Il _ sin’ t.costdr.
0 0
Vite [0 : %} nén V1 — sin’ t = cost. Do dé
. S :
: : p)
_U[ 1—x?dx = E][CDSQ tdt = %_{[(1 + cos2t)dt zé(r + 311;21*]0 — %

|
ot v W . :
H2| Tinh I bang cach dat x = sint.
0
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2. Phuong phap tich phan tung phan
Tuong tu nhu phuwong phiap 14y nguyén ham tirng phan, ta ciing c¢é phuong
phap tich phan tirng phin. Co s& cua phwong phdp nay 1a cong thire sau day.

b b
J.u(r)v (x)dx = (H(T)l’(l) | — j\(r)u (x)dx, (2)

trong dé cdc ham s6 u, v ¢6 dao ham lién tuc trén K va a, b l1a hai s6
thuée K.

Thét vay, theo dinh 11 2 §2, ta c6
h
b

Iu(.r)v'(.r)dr = (Ii.f(.l')l-’ '(x) dr)

o

N

= (u(_r)l-’(l‘) = jwf(.l')u'(.x')dr)

o M

b
= ( H(I)u(x))E — Il’(,l’)!fl(.l')dl‘. O

o

_ (”(X),‘,(X))E : 2 (I\’(I)u '(.r)dr)i

Céng thic (2) goi 1a céng thite tich phdn tirng phan va con duoc viét

b b b
duréi dang Iu dv = (uv) = I\fdu.
[
il I

|
Vi du 3. Tinh _[x edr.
0
Giai. Chon u(x) =x,v'(x) =e’ . Khid6é u'(x)=1, v(x) = €' . Do d6
| 11
J.xe"' dx = (,x‘e"") = J.e“' dv =e—(e—1)=1
0
2

0 o
Vi du 4. Tinh jxm xdy.
|

2
.  pas dx X .
Giai. Chon u = Inx, dv = xdx. Khidé du = —, v = — Do dé

ol 2
'2 z
I.rln.r dy = {—111 TJ

2
I dx = 21112—2-
I I

4

H3| Tinh | xsinxdx.

] =
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Cau haéi va bai tap

17. Dung phrong phap déi bién s6 tinh cdc tich phan sau :

T
1 ) 1
2) IJH 1d j Lol o) [P+ dr;
0 0 0

CDS X

T
0[S a0l A a0}
dy ; f) | (1 — cos3x)sin3x dx.
0 1:' + 4) 0 Vx© +1 0
18. Dung phrrong phap tich phén timg phan dé tinh cdc tich phan sau :
2 !
a) J.Ij Inxdx ; b) J.(x + De* dx :
m
y: 2
c) J.e‘r cosxdx ; d) _[.r cos xdx.
0 0
Luyén tap
T
I — 2
19. Tinh a) j\/rj +2:(2 + 5t*ydr ; b) [ xsinxcosxdx.
0 0
T % 'Jg 1,3(1}:_
20. Tinh a)IS(S — 4cost) sintdf ; b) I—
0 ‘\}.r‘z + 1
21. Gia sir F la mo6t nguyén ham cta ham s6 y = su:r trén khoang (0 ; +0).
SMHQV
Khi d6 [——dx 1a
X
(A) F(3) - F(1) ; (B) F(6) = F(2) ;
(C)F(4) -F(Q2) ; (D) F(6) - F(4).
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22. Chitrng minh rang

I I I I
) [fode= [fA-0dv: b [fde= [[f(0)+ fn]dr.
0 0 ~1 0

23. Cho If(ﬁ)dﬁ = 3. Tinh .[f(l)d.l trong cac trrong hop sau
-1

a)f la ham s6 I¢ ; b) f 1a ham s6 chan.
24. Tlnh cac tich phan sau :
3

a) J.rze‘ dx & b) J.%(ln.nr)2 dx ;

J_ ™

3 2
2 4y 23 g _cosx_

c)_'[.rlJrJ dx : d)_[ : E)-U[lJrsin,rdr'

25. Tinh cac tich phan sau :

|
a) | xcos2xdx ; b) Iln(z—_x)dr .

]
o’

i
].
0
i
.2[
0

| e
x% cos.x dr . d) J..rzwl,r"} + 1 dx; =9 jrz Inxdx.
0 I

UNG DUNG TIiCH PHAN
PE TINH DIEN TiCH HINH PHANG

Trong thue tién cudc séng ciing nhu trong khoa hoc ki thuit, ngudi ta cin
phai tinh dién tich clia nhimg hinh phang ciing nhw thé tich clia nhitng vat
thé phitc tap. Chang han :

Khi xay dung mot nhi may thuy dién, dé tinh liru lrong clia dong séng ta phai
tinh dién tich thiét dién ngang cua dong séng. Thiét dién d6 thuong 1a mét
hinh kha phtc tap.
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Khi déng tau, cdc ki su cdn xdc dinh thé tich clia khoang thu ¢é hinh dang
dac biét.

Truée khi phép tinh tich phan ra doi, véi méi hinh va méi vat thé nhu vay
ngudi ta lai phai nghi ra mot cach dé tinh. Su ra doi cua tich phan cho chiing
ta mot phwong phip téng quat dé giai hang loat nhirng bai todn tinh dién tich
va thé tich néi trén.

Trong §5 ta néi vé iing dung tich phan dé€ tinh dién tich hinh phang va trong
§6 néi vé itng dung tich phan dé tinh thé tich vat thé.

Trong dinh 1i 1 §3, ta da bi€t : Néu y = f(x) 14 moét ham lién tuc va 1ay gia tri
khéng Am trén doan [a ; b] thi dién tich § ctia hinh thang cong gi6i han b&i d6
thi hAm s6 y = f(xx), truc hoanh va hai duong thang x = a, x = b 12

b
S = j £(x)dx.

Viéc tinh dién tich hinh phang giéi han bdi cdc dudng cong thuong duoe quy

vé tinh dién tich ctia hinh thang cong bang céch chia hinh phang dé thanh moét

s6 hinh thang cong.

Vidu 1 (Dién tich hinh elip). Tinh dién tich ctia hinh phang gidi han bdi elip
2 2

X y
—+—=1(a>h>0).
G2 g2

Gidi

Ta tinh dién tich § cia moét phan tu hinh elip

: -
nam trong géc phan tu the nhit. D6 12 mét —a!J“ *
- - P o= - - by 2 b /
hinh giéi han boi dé thi ham s6 y = — @,

a

truc hoanh, truc tung va dudng thang x = a (h.3.5).

Hinh 3.5
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baitap365.com



o
Vay § = I— a® = x? dx.
. d

Ta tinh tich phan trén bang phuong phap déi bi€n s6.

Pat x = asint. Tacd

. . . v TE
dx = d(asint) = acostdt, 0 = asn0 va a = ﬂ5111§.
Do do

T

q — 2~ :

_[ A= x? dx = J.\/ag _ a’sin’t .acostdt

0 0
s i
2 2 : :

= J.\Jaz cos’t .acostdt = _[a‘z cos? tdt

0 0

(Vit € [0 i %} nén \jcuszr = COsE)

L T
2 ; e
i ) _ab sin?2t |2  abm
Suyras —ahb[cns t dt —T[f—l— 5 ]U =

Vay dién tich hinh elip 1a 48 = nab.

e Mot cach téng quat, ta c6

Néu ham s6 y = fix) lién tuc trén doan [a ; b] thi dién tich § cua
hinh phang giéi han bdi dé thi ham s6 y = f(x), truc hoanh va
hai dudng thang x = a,x = b 1a

b
S = j| £(x)| dr. (1)

Vi du 2. Tinh dién tich $ ctia hinh phang giéi han bdi d6 thi ham s6

y = g duodng thang x = 2, truc tung va truc hoanh.
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Gidi.(h3.6) Dat f(x)= x> —1.

Ta thay flx) <0 trén [0 ; 1] va fix) = 0
e [1. 57 2] s

Theo céng thire (1), dién tich § cua
hinh dang xét la

2 .

= |J¢‘3 - l|dr
]
0

1 2
= [ = xPyde+ [ = e
0 |

311 7

4 4 2

H1| Tim dién tich hinh phang gidi han

bdi d6 thi ham s6 y = 4 — x>, duong théng
x =3, truc tung va truc hoanh.

e D& tinh dién tich § clia hinh phang
gid1 han boi dé thi cidc ham s6 y = f(x),
y = g(x) lién tuc trén doan [a ; b] va hai
dudng thzzmg % = a=ab (AT, taied
cong thire sau :

b
S = [1F(x) - glo)|dx. (2)

Vi du 3. Tinh dién tich § cta hinh

phiang giéi han béi parabol y = 2 — x?

va dudng thang y = —x.
Giai (h.3.8)
Trude hét, ta tim hoanh do giao di\ém
cac do thi cua hai ham s6 da cho bang
cach giai phuong trinh 2 — x% = —x.
Taco

2—x=xox=-1vax=2
Hinh phang dang xét gidi han boi cdc d6
thi ciia hai hAm sé y = 2 — X2, y=—x
va hai dwong thang x = =1, x = 2.

-
x
-1
Hinh 3.6
y‘
i
%
N /
ol a ey 1 ©
b
&
ey
[ ko
] 1]
- -
Hinh 3.7

Hinh 3.8
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Theo coéng thitc (2) ta c6

2
L I(E + X — .\’z)dj{‘
|

, I
25 4. Rl 9
=} ‘1‘ — —— — — —
2 3 2
-1

H2| Tinh dién tich hinh phdng gi6i han bdi duong thdng y = x + 2 va parabol

Y= 2 +x—2.

e D¢ tinh dién tich mét s6 hinh phang phifc tap hon ta phai chia hinh di cho
thanh mot s6 hinh don gian ma ta da biét cich tinh dién tinh.

Vi du 4. Tinh dién tich $ ctia hinh phang H giéi han bdi d6 thi ham s6
y = Jx, truc hoanh va dudng thang y = x — 2.
Gidi (h.3.9)

Ta tim hoanh doé giao diém céc dé thi

cua hai ham s6 y = Jr va b ) y4 c
bang cich giai phuong trinh | o AT e v
- ¥ j - - : / / I
Két qua duoe x = 4. 1- - :
. Fr ., i " " : e H o |
Dién tich § cua hinh H bang dién tich . /B A:
I L [ i ]
hinh tam gidc cong OCA trir di dién _; O 1 ) 3 T
tich hinh tam giac ABC'. e &
Fs
Dién tich hinh tam gidc cong OCA la P
4 314 -2 3
2 3 16
xdyr==x"| = —:
o= 27 -
0 Hinh 3.9

Dién tich hinh tam gidac ABC la

AB.AC _22 _,
2 2
16 10

VayS=—-2=—.
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CHU Y
Twong tur (bang cich coi x 12 ham cua bién y) thi dién tich § cna

hinh phang giéi han bdi cdc dudng cong x = g(v), x = h(y) (g vah1a
hai ham lién tuc trén doan [c ; d]) va hai dudng thang y = ¢, y=d 12

o
S = [|e = h(y)|dy. (3)

Fa

Chang han trong vi du 4, coi hinh H 13 hinh phang giéi han bai
dudng cong x = yz, duong thang x = y + 2, truc hoanh y = 0 va

dudng thang y = 2. Do d6, ta ¢ thé tinh ngay $ theo cong thire (3)
nhur sau :

4 y? y ’ 10
Sj(y+2y2)dy—[7+2y7} g
0 0

~n Pm - .- om ~
Cau hoi va bhai tap
26. Tinh dién tich hinh phang £iéi han boi d6 thi ham s6 y = sinx + 1, truc hoanh

) ; m
va hai duong thang x = 0 va x = z

27. Tinh dién tich hinh phang giéi han boi :

a) D6 thi hAim s6 y = cos” x, truc hoanh, truc tung va dudng thang x = 7 ;

b) Dé thi hai ham s6 y = y/x vay= ¥x ;

4

c¢) D6 thi hai ham s6 y =2 X% va Pk 2 2 trong mién.x = 0.

28. Tinh dién tich cdc hinh phang giéi han boi :

a) D6 thi cdc ham s6 y = it ol § = — x? — 2x va hai duwong thang x = -3,
g )
b) D6 thi hai him s6 y = 2= 4 vi y= o = P ;
c) D6 thi ham s6 y = x° — 4x, truc hoanh, duwdng thang x = —2 va dudng
thang x = 4.
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UNG DUNG TICH PHAN PE TINH
THE TICH VAT THE

1. Tinh thé tich cua vat thé

168

Cho mot vét thé
trong khéng gian }z

toa do Oxyz. Goi B
14 phan cta vat thé
gidi han bdi hai
mat phang vuéng

goc vai true Ox tai
cic diém a va b.

Goi S(x) la dién
tich thiét dién cua
vat thé bi cat boi

" ;

Hinh 3.10

mat phang vuéng géc véi truc Ox tai di€m cé hoanh d6 x (a < x < b)
(h.3.10).
Gia str § = S(x) 12 mot ham s6 lién tuc. Ngudi ta chitng minh duge rang thé

tichV cuna B la

b
Vi IS(.r) dv. (1)

o

Str dung céng thite (1) ta tim duoe céng thire tinh thé tich cia mot s6 vat thé
quen thudc trong hinh hoc.

Vidu 1 (Thé tich khoi chép cut). Cho khéi chép cut ¢é chiéu cao h, dién tich
ddy nho va ddy 16n thi tw 12 Sy, S;. Ching minh rang thé tich V ctia né 1a

h
V:—S‘|— LSIILST +|Sr .
3 (S0 + 4SS +5)
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2.

Gidi
Trong hé truc toa d6 Oxyz,

ta dat khoi chép (sinh ra
khéi chép cut) sao cho
dudng cao nam trén truc

Ox va dinh trung véi géc
toa do.
Goi a va b lan lwot 1a

khoang cdch tir O dén day
nho va ddy 1én, ta c6 chiéu Hink 3.11

cao cua khoi chép cut 1a

h=b-a (h3.11). Thiét dién clia kh6i chép cut cat boi mat phang vuoéng
gée véi true Ox tai diém c6 hoanh d6 x (a < x < b) 12 mot da gide déng dang

v6i ddy 16n véi ti s6 dong dang 1a % .
; 2 2
S(x X X
Ta c6 (, A = VARS8 .
Sy b b

Theo cﬁng thire (1), ta ¢6

v 1.3 3 o . L9
V J. _d.l = ISl(b _ d ) 2 b_ ”_‘SI(" +leﬂb+leb

3h? 3 b?
. 32 :
h | Sa Sa
3 { b2 b ']
A a* Sa S a
Dé ¥ rang So = Slaye 3 va ;7 .Jblbﬂ énV= —(bu —I—,/LSULS +8;).

Nhdn xét. Khéi chép duoc coi 1a khéi chép cut ¢é §; = 0. Vi vy, thé tich V
ctua khéi chép ¢6 chiéu cao /s va dién tich ddy S 1a

Sh
V = T
The tich khoi tron xoay

Mot hinh phang quay xung quanh mot truc nao dé tao nén mot khoi
fron xoay,
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e Cho ham s6 y = f{x) lién tuc, khéng am trén
[a ; b]. Hinh phang gigi han bai dé thi ham s6
y = f{x), truc hoanh va hai duong thang x = a,
x= b quay quanh truc hoanh tao nén mot
khéi tron xoay (h.3.12). Thé tich V cua né
diroc tinh theo céng thire

b
.
V=mn[fod.  (2) Hinh 3.12

That vay, thi€t dién clia khéi tron xoay cat bdi mat phang vuéng géc véi
truc Ox tai diém x (¢ < x <b) 14 mot hinh tron ban kinh fix). Do dé

S(x) = nf 2(.1‘) . Vi thé, tir cong thite (1) ta suy ra céng thire (2).

Vi du 2 (Thé tich khoéi chom cau). Cho mét khéi chém cdu ban kinh R va
Y - . = Lo 7 1 i %
chiéu cao /. Chirng minh rang thé tich V' cta khéi chom ciu 1a

, h
7z 2 - B
! nh [R 3].

Gidi
Trong mat phang Oxy, xét hinh phang gidi
han boi cung tron tdim O ban kinh R cé

phuong trinh y = R? - .1'2, truc hoanh va

duong thang x =R —h (0 < h < R). Quay

hinh phang dé quanh truc hoanh ta thu duoc
kh6i chém cdu bdan kinh R chiéu cao /
(h.3.13).

Theo cong thire (2) thé tich cna kh6i chém

cau la ‘
Hinh 3.13

T oo . xR
¥ __ R S E e
V=m J‘ (R? = x*)dv = m| Rx - =

R-h

3 3

I IR Sy w—h)}_ 2(_¢q
= ']I|:R 3 R(R- h)+ 3 =7nh" | R 3/
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Nhan xét

Khéi ban cAu bdn kinh R duoc coi 13 kh6i chdm ciu ban kinh R va chiéu cao
h=R.Vivay, thé tich ctia kh6i bin ciu ban kinh R 14

3
V:ﬂRZ[R_EJZ 2R

2 3
Do dé, thé tich hinh ciu ban kinh R 14
3
v 4nR |
3

H | Xét hinh phdng gidi han bdi d6 thj ham s6 y = x> cac duong thang x =1,

x = 2 va truc hoanh. Tinh thé tich khdi tron xoay tao thanh khi quay hinh phang do
quanh truc hoanh.

e Tuong tu, cho dudng cong cé6 phuong yi
trinh x = g(y), trong d6 g 1a ham s6 lién
tuc va khéng am trén doan [c ; d].
Hinh phang gii han bdi dudng cong

x= g(y), truc tung vi hai dudng thang

y = ¢,y =d, quay quanh truc tung tao
nén mot khéi tron xoay (h.3.14). Thé
tich V' cta né dwroc tinh theo céng thite

d 5 Hinh 3 .14
V=ma[gNdy.  (3)

That vay, tir céng thitc (2) bang cach xem x 13 him ctia bién y ta suy ra céng

thire (3). ]

Vi du 3 (Thé tich khéi nén cut). Cho
khéi nén cut ¢é chiéu cao h, bian kinh
diay 16n va day nho lan luot 1a R va r.
Chirng minh rang thé tich V clia khoi
noén cut do la

) %'nh(;‘&2 + Rr + rg).
Giai
Trong mat phang toa d6 Oxy xét hinh
thang vuéng OABC v6i OA= h, AB =rva

OC =R (h.3.15). Quay hinh thang d6 quanh
truc Oy ta dwoc khéi nén cut da cho.

Hinh 3.15
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Gia sir BC kéo dai cat Oy tai D. Dat AD =1, OD = a. Ta ¢6 a— I = h. Phwong

trinh dudng thang BC 13 x = M Theo cong thite (3) ta cé
a
h 52 2 2
V= an (“';3") dy = “Rz (@ — 1%
0 a 3a
2 2 2
TR , MR h [ [
= —(a-(a® +al +1”) = {1+—+[—] }
i 3 a \a
<o . [ . ,. T
Vi — = — nén khi thay — boi — ta duoc
a R a
V= lﬂﬂzh{l +— [iﬂ = Lanr? + R+ ) m
3 R R 3 '

Nhdn xét. Khi R = r, khéi nén cut trd thanh khéi tru ¢é chiéu cao h va ban
kinh ddy R. Vi vay, thé tich ctia khéi tru 13

Vs %ﬂh(ﬁ:‘z +R? + RY) = nRh.

Khi r = 0, khéi nén cut trd thanh khéi nén c¢6 chiéu cao s va ban kinh diy R.
, A - - ] #u - 5
Vi vay, thé tich cua khéi nén la

~ P m u o ~
Cau hoi va bai tap

29. Tinh thé tich clia vat thé nam giita hai mat phang x = —1 vd x = 1, biét rang
thi€t dién ctia vat thé bi cat boi mat phang vuéng géc véi truc Ox tai diém c6
hoanh dé x (=1 <x < 1) 1a mét hinh vuéng canh 1a 24/1 — X

30. Tinh thé tich cta vat thé nam giita hai mat phang x = 0 va x = 7, biét rang
thi€t dién clia vat thé bi cat boi mat phang vuéng géc véi truc Ox tai di€ém cé
hoanh do x (0 <x < 7) 1a m6t tam gide déu canh 14 24fsin x.

31. Cho hinh phang A giéi han bdi cdc duong y= 0, x =4 va y = Jx 1. Tinh thé

tich cua khéi tron xoay tao thanh khi quay hinh A quanh truc hoanh.
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32. Cho hinh phang B giéi han boi cde duwong x = 2, x=0,y=1vay=4.Tinh
y

thé tich ctia khéi tron xoay tao thanh khi quay hinh B quanh truc tung.

33. Cho hinh phang B giéi han boi cdc dudng x = \/5 },2 wX =0, y=~—] va y=1,
Tinh thé tich ctia khéi trdn xoay tao thanh khi quay hinh B quanh truc tung.

ﬂaé; %
Eijll.r-s 2,‘?‘1 2 N L4 - - - ~
fgﬁ?y" 1. Al LA NGUGI PHAT MINH RA PHEP TINH TICH PHAN ?

Cung véi phép tinh vi phan, phép tinh tich phan |a mét thanh tuu 16n clia tri tué nhan
loai. N6 da tao nén mét budc ngoit 16n trong su phat frién clia khoa hoc va trd thanh
mot céng cu sac bén, day sirc manh dudc cac nha khoa hoc sir dung réng rai frong
nghién clu ciing nhu trong Ung dung thuc tién.

Phép tinh vi phan va tich phan do hai nha bac hoc 16n 1a Niu-ton (. Newton 1643 — 1727),
ngudi Anh va Lai-bo-nit (G. Leibniz 1646 — 1716), ngudi Blrc, sang tao ra dong thai
va doc lap véi nhau.

Thuc ra day la mét cude chay ti€p siic clia nhiéu thé hé cac nha bac hoc xuat sic
trong nhiéu thé ki. Trudc Niu-ton va Lai-bo-nit hai nghin n&m, nha bac hoc Ac-si-mét
da cé y tudng dau tién vé phép tinh tich phan. Trong blc thu gli ngudi ban, éng da
dua ra mét phuong phap méi goi 1a "phudng phap vét can" va da sir dung né dé giai
nhiéu bai toan tinh dién tich, thé tich, chiéu dai cung. D6 Ia tién than cla phép tinh
tich phan. Sau éng nhiéu nha toan hoc khac ciing tham gia mé dudng cho su ra doi
clia tich phan, trong d6 phai ké dén nhiing déng gép xuat sac clia cac nha khoa hoc
nhu J. Ké-ple (J. Kepler), Ca-va-i-o-ri (B. Cavalieri), Phéc-ma, Pé&-cac, Ba-rau (I. Barrow).

Ngay nay cac nha nghién ciiu déu nhat tri ring vé mat thai gian, Niu-ton kham pha
ra phép vi tinh vi - tich phan truéc Lai-bo-nit khodng 10 ndm nhung Lai-bo-nit lai cho
céng bd céng khai céng trinh clia minh trudc Niu-ton téi ba n&m. Vé hinh thic, phép
tinh tich phan cla Niu-ton va phép tinh tich phan clia Lai-bo-nit khac nhau ro rét.
Niu- ton trinh bay cac két qua cla minh dudi ngén nglr Hinh hoc, céon Lai-bo-nit dung
ngén ngir Pai s6. Cac ki hiéu clia Lai-bo-nit phong phu va thuan tién hon nhiéu so
v@i cac ki hiéu clia Niu-ton (dau tich phan va cac ki hiéu vi phan, dao ham ma chung
ta dung ngay nay la cla Lai-bo-nit). Vé su két hop gitra phép tinh vi — tich phan véi
cac nghién cliu vé khoa hoc tu nhién thi Lai-bo-nit khéng sau sic bang Niu-ton
nhung ding trén géc do6 toan hoc thi phép tinh vi - tich phan clia Lai-bd-nit thé hién
mot tam nhin bao quat hon, mét tri tudng tuong tinh té hon.
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2. VAINET VE cuOC BOI VA SU NGHIEP CUA NIU-TON
VA LAFBO-NIT

1) Niu-ton (1643 — 1727) la nha toan hoc, vat li hoc, ¢ hoc
va thién van hoc vi dai ngudi Anh. Ong sinh ra & mét viing
qué & nudc Anh. Ngudi cha qua ddi trude khi éng ra doi.
Ngudi me vi qua dau buén nén sinh éng thi€u thang. Luc
mdi sinh 6ng bé t6i mirc dat duge vao mét chiéc céc to.
Khéng ai ngd rang dira bé quit queo nhu vay lai cé thé tho
t6i 85 tudi va trd thanh mot nha khoa hoc vi dai nhu vay.
Niu-ton dugc ngudi duong thdi mé ta la cé tam voc trung
binh, béo chac, dau luén déi téc gid, cé6 d6i mat sang va
théng minh. Ong séng rat gian di, khiém nhudng, say mé
v@i céng viéc va rat dang tri.

2) Lai-bo-nit (1646 — 1716) la nha toan hoc, vat Ii hoc, triét
hoc thién tai ngudi Bldc. Ong sinh & thanh phé Lai-xich
(Leipzig), la con trai mét giao su triét hoc. Tir ltc 6 tudi 6ng
da sudt ngay mé mai doc sach. Nam éng 7 tudi thi cha 6ng
qua ddi. Nam 15 tudi 6ng da vao dai hoc va hoc vé luat
hoc, triét hoc va toan hoc. Nam 20 tudi (n&m 1666) 6ng da
bdo vé luan an tién si luat hoc déng thoi cling céng bé
céng trinh toan hoc dau tién cla minh véi nhan dé :
"Nhimg suy nghi vé nghé thuat t6 hop". Sau d6 6ng dugc
bé& nhiém lam quan chifc ngoai giao tai Phap.

Nhiihg céng hién vé toan hoc chi la mét phan nhé trong su
nghiép clia 6ng. O thdi dai 6ng, ngudi ta biét dén éng nhu
mot nha ngoai giao, nha luat hoc va nha triét hoc. Ong biét Gl [ abis

rét nhiéu ngoai ngir va hau hét cac kién thic cla 6ng déu (1646 — 1716)

cé dudc bang con dudng tu hoc.

Lai-bo-nit dudc ngudi duong thai mo ta 1a cé thé trang gay go, tam thudc, da xanh va
cling luén deo téc gid. Tri nhé cha éng ciling khac ngudi thudng : Nhimng diéu khé
hiéu dugc 6ng nhé rat tét nhung nhiing diéu dé hiéu thi 6ng lai quén ngay.

Isaac Newton
(1643 — 1727)

Luyén tap

34. Tinh dién tich hinh phang giéi han béi :

TZ

a) D6thicidc himsé y=x,y=1 v y = T trong mién x =0, y< 1 ;

b) D6 thi hai ham s6 y = 1 —4x* v 4, y = X2, truc tung va dudng thang
) = I

c) D6 thi cdc hAim s6 y = X2, y=4x—-4 va y=-4x-4.
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2.

39.

40.

. Cho hinh phang A giéi han bdi cdc dudng y = cosx, y=0, x =0 va x = T

Tinh dién tich hinh phang gigi han bdi :

a) D6 thi hai him s6 y= x> + | viy=3— x -
b) Cac dudng x = y3,y: lvax=8,;

c¢) D6 thi hai hAm s6 y = Jx ,¥y=06— x va truc hoanh.

. Tinh thé tich ctia vat thé T nam giita hai mat phang x = 0 va x = 7, biét rang

A * A ¥ ” i & 3. 58 X a - R . .3 &
thiét dién cua vat thé cat boi mat phang vudéng gbc véi truc Ox tai diém co

hoanh d6 x (0 <.x < m) 1a m6t hinh vuéng canh 13 2 +/sinx.

. Cho hinh phang A giéi han bdi cdc dudng y = %, y= 0, x=0vax=2 Tinh

thé tich ctia kh&i trdn xoay tao thanh khi quay hinh A quanh truc hoanh.

1!

Tinh thé tich ctia kh&i tron xoay tao thanh khi quay hinh A quanh truc hoanh.

X

Cho hinh phang A giéi han bdi cde dudng y = x e?, y=0,x=0vax=1.Tinh
thé tich ctia khéi tron xoay tao thinh khi quay hinh A quanh truc hoanh.

: i . . i
Cho hinh phang B giéi han bdi cac dudng x = 1]2 sin2y ,x=0,y=0va y = 5

Tinh thé tich ctia kh6i tron xoay tao thanh khi quay hinh B quanh truc tung.

~ P m . .. ~ ~ ~
Cau hoi va bhai tap on tap chuong Il
Tim nguyén ham cna cic ham s6é sau (tirbai 41 dén bai 43) :
2

41. a) y = 2x(1 - X3y b) y=8x——
X
1 o in(2x + 1)
c) y= x2sin(x? + 1) ; d) y= sz ! :
cos(2x+1)
42. a) y= %cos[l— 1] ; by =t (L) ;
X X
rel”
c)y=- 3 d) y= x%e".
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43.

43.

46.

47.

48.

49.

30.

S1.

176

a)y=xe  ; b):v‘=lﬂ—"lr

]l_.

. Tim ham s6 y = f(x) néu biét dy = 12x(3x> — 1)° dx va£(1) = 3.

b
X4c dinh s6 b duong dé tich phin J.(Jq" — x?)dx ¢6 gia tri 16n nhat.
0

9 9 9
Cho biét j f(x)dy = —1, j f(x)dy = 5, j g(x)dx = 4 . Hiy tim
1 /. 7
9 )
2) [~2f(x)dx ; b) [£(x) +g(x)]dr ;
| 7

9 7
) [[2f(x) = 3g(x)]dx ; d) [ f(x)dx.
7 |

Cho him s6 f lién tuc trén [a ; b]. Ti s6

1 b
o _[.f (x)dx

dwroce goi 1a gid tri trung binh ciia ham séf trén [a ; b] va duge ki hiéu 1a m(f).

Chitng minh rang tén tai di€ém ¢ € [a ; b] sao cho m(f) = f(c).

Gia sir mot vat tir trang thai nghi khi ¢ = 0 (s) chuyén doéng thang véi van téc
v(r) = #(5 — t) (m/s). Tim quang dudng vét di duoc cho t&1 khi né ding lai.

Mot chit diém A xuét phat tir vi tri O, chuyén déng thang nhanh din déu ;
S giay sau né dat dén van t6c 6m/s. Tir thoi di€ém dé né chuyén déng thang
déu. Mot chat diém B xuat phét tir cling vi tri O nhung cham hon 12 gidy so
v6i A va chuyén dong thang nhanh dan déu. Bi€t rang B dudi kip A sau S giay

(ké tir Iic B xuat phat). Tim vAn t6c ctia B tai thoi diém dubi kip A.
Tinh céc tich phan sau :

T

2 2 3
a) J._r‘z sin2xdx ; b) J._r(sz +1dx ; ¢) I(I - 1)6_1-2_2_1- dx.
0 I 2

Tinh dién tich cdc hinh phang gidi han boi :

a) D thi cdc hAim s6 y=4—x?, y=—x+2;

b) Cac duong cong c6 phuong trinh x =4 — 4y2 vax =1 — y4 trong mién x = 0.
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3.

4.

5.

56.

S 7.

38.

59.

. Tinh dién tich ctua cdc hinh phang giéi han boi :

a) Parabol y= x? — 2x + 2, ti€p tuyén clia né tai diém M(3 ; 5) v truc tung ;
b) Parabol y = - x% + 4x — 3 va chc ti€p tuy€n clia né tai cic diém A(0 ; -3) va
B(3:0).

Tinh thé tich ctia vat thé nam giita hai mat phang x = 0 va x = 2, biét rang thiét
dién ctia vat thé bi cat boi mat phang vubng gbéc véi truc Ox tai di€m c6

hoanh dé x (0 < x < 2) 1a mot nira hinh tron dudng kinh \/g X2

Xét hinh phang gi6i han bai dudng hypebol y = 2 va cdc dudng thang y =1,
X

y=4, x = 0. Tinh thé tich ctia khéi tron xoay tao thanh khi quay hinh phang

dé quanh truc tung.

Cho hinh phang A giéi han bdi d6 thi ham s6 y = 4fcosx [0 <x< 5} va hai

truc toa d6. Tinh thé tich khéi tron xoay tao thanh khi quay A quanh
truc hoanh.

Cho hinh phang A giéi han bdi dudng cong c6é phwong trinh x(y + 1) = 2 v
cdc dudng thang x = 0, y = 0, y = 3. Tinh thé tich khéi tron xoay tao dwoc khi
quay A quanh truc tung.

Cho hinh phang A giéi han bdi dudng cong ¢é phrong trinh x — y2 = (0 va cac
duong thang y = 2, x = 0. Tinh thé tich khéi tron xoay tao thanh khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.

X

1
Cho hinh phang A giéi han boi dudng cong c¢é phuong trinh y = x? e’ va chc

duong thang x = 1, x = 2, y = 0. Tinh thé tich khéi tron xoay tao thanh khi
quay A quanh truc hoanh.

Cho hinh phang A giéi han bdi dudng cong c¢b phuong trinh y2 = x° va cdc
duong thang y = 0. x = | trong mién y = 0. Tinh thé tich khéi tron xoay tao
duoce khi quay A

a) Quanh truc hoanh ; b) Quanh truc tung.
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60.

61.

63.

64.

63.

178

Bai tap trac nghiem khach guan
Trong maor bai tdp dudi ddy, hay chon mot phwong dn trong cdc phuwong dn dda
cho dé¢ duoc khdang dinh diing.

dx

2x — 1

3
Gia sir j = lnc. Gid tri cta ¢ 1A

I
(A)9; (B).3; (C)81; (D) 8.

2
Gid tri cfia j;ze?-"dr 13
0

(A) e? : B)e! -1 (C) 4e* (D) 3 -1 .

0

. GiA tri cta jﬁ(x +1°dx 1a

7 1 2 |
(A) T (B) ~%0 (&) S (D) 50

Dién tich hinh phang nam trong géc phin tu thit nhét, gidi han bdi dudng
thing y = 4x va d6 thi ham s6 y = I
(A)4; (B) S5 (C).3; (D) 3.5.

Dién tich hinh phang nam trong géc phin tir thit nhit, giéi han boi hai dudng
thang y = 8x, y =x va d6 thi hAm s6 y = © 1

(A) 12 ; (B) 15,75 ; (C) 6,75 ; (D)4 .

Dién tich hinh phang nam trong géc phin tuw thi nhét, gidi han bodi dudng
thang y = 2x va d6 thi hAm s6 y = 1A

4 3 3 23
(A) 33 (B) 5 © 3 D) 13-
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66. Cho hinh phing A gii han boi d6 thi hai hAm s6 y = x> va y=6 — |x|. Thé
tich khéi trén xoay tao duwoc khi quay A xung quanh truc tung 1a

W2 ® o (C) 8n ; o 2E

67. Cho a, b 13 hai s6 dwong. Goi K 1a hinh phang nam trong géc phan tu thit hai,
2161 han boi parabol y = ax® va duong thang y = —bx. Biét rang thé tich khéi
tron xoay tao duoc khi quay K xung quanh truc hoanh 1a mét sé khéng phu

thudc vao gid tri cia a va b. Khi d6 a va b thoa min diéu kién sau

A) b =24 B) D =24 : (C) b =2a>: D) b* =24,
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1. Khai niém so phic

Ta da biét rang cdc phuong trinh P ol= 0, P +4=0 khoéng c6 nghiém thure.
Mot cdch téng quét cic phuong trinh bac hai véi hé s6 thuc Ax? +Bx+C=0 ma
biét thitc A < 0, chang han X -2v+2=0 (biét thitc A = —4), déu khoéng cé
nghiém thue.

St phét trién ctia todn hoc, khoa hoc doi hoi phai mé réng tip hop céc s6 thue
thinh mot tAp hop s6 mdi goi 1a thp hop cdc sé phire, trong d6 c6 cac phép
todn cong va nhin véi cdc tinh chit twong tu phép toidn céng va nhin sé thuc
sao cho cidc phuong trinh néi trén déu cé nghiém.

Muén thé, ngudi ta dua ra s6 7 sao cho binh phuong ctia né bang —1. Khi dé i
1a mot nghiém cua phuwrong trinh ¥ +1=0 va2ila moét nghiém cta phuong
tinh x> +4 =0 ;con 1 +/ 1A mot nghiém cna phuong trinh x%—2x+2=0,
tire la phwong trinh (x — 1)2 +1=0,..Cac s6 a + bi (a,be R) goi la cac
sO phirc.

Vi céce s6 phife, ngudi ta con chimg minh duwoe rang moi phuong trinh béc 2,
3,4, ... déu c6 nghiém (phiic). S6 phiic ciing lién quan chat ché véi hinh hoc

phang, véi luong gidc , ... (xem bai Em c6 biét "Vai nét lich st phat trién
sO phic", trang 197).

DINH NGHIA 1

Mot s6 phiie 1 mot bi€u thite dang a + bi , trong d6 a va b 1A
nhimg s6 thuc va s6 i thoa man i’ =~ 1. Ki hiéu s6 phitc dé la
z vaviét z = a + bi.

i dwoc goi 1a don vi do, a duoce goi 1a phan thue va b duoe goi
14 phdn do cna s6 phirc z = a + bi.

Tap hop cac s6 phire duoce ki hiéu 1a C.
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2.

182

CHU Y
S6 phitc z = a + Of ¢ phan 3o bang 0 duoc coi 1a s6 thue va viét 1a
a+i=acRcC.

S6 phiie ¢ phan thue bang 0 duoc goi 1a s6'do (con goi 1a s thuan 4o) :
z= D¥bi= (be R)i=09%l=1i.

S60=0+0/ =0 vira 1a s6 thuc vira 13 s6 ao.
Vidui
S6 phite z = 2 + J3i c6 phén thure bing 2, phan 4o bang /3.
S6 phite z = — i (tirc 1a (—1)i) ¢6 phan thuc bang 0, phin a0 bang —1 ; d6 1a
mot s6 ao.
DINH NGHIA 2

Haiso phitic z = a+bi (a,hbeR),z' =a' +b'i (a',b' € R)
goi 13 bang nhau néu

g= @ b=f,

Khi dé ta viét z = z'.

H1| Khinao sé phic a + bi (a, b € R) bang 0 ?

Bi¢u dién hinh hoc sé phiic

Ta di biét bi€u dién hinh hoc cédc s6 thuc bdi cdc diém trén mot truc s6.

D6i véi cdc s6 phiic, ta hdy xét mat phang toa d6 Oxy. Mbi s6 phifc
z=a+ bi (a, be R) duoc bi€u dién boi di€fm M cé toa dd (a ; b). Nguwoc
lai, & rAing mbi diém M(a ; b) biéu dién mot s& phitc 13 z = a + hi . Ta con
viét M(a + bi) hay M(z).

Vi [& d6, mat phang toa do véi viée biéu dién s6 phite nhur thé duoe goi 1a madit
phdng phiic.

Géc toa do O biéu dién s6 0.

Céc diém trén truc hoanh Ox biéu dién cdc s6 thue, do dé truc Ox con diroc
gol la truc thiee.
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Cic diém trén truc tung Oy biéu

- . e e 1 ; iV e

dién cac s6 ao, do doé truc Oy con S RS N +‘ """ N .

duwoc goi la truc ao. :_ ______ ;____f;_“_ _____ _= _______ :_ ______ . _____
Trén hinh 4.1 cé cic di€ém O, A, B, i i EA i i

C, D, E, F theo thit tu biéu dién céc ’C To " %

s6 phitc 0, 1,i. —2,-2i, 1+ 2,2 —1i. O TR S D | S
T TE T

3. Phép cong va phép tru sé phiic Ll s fhnmmnr 'b-* """" frmared s
a) Tong cua hai so phiic ’ ’ ! ’ !

Hinh 4.l

DINH NGHIA 3

Tong cta hai sé phitc z=a + bi, z'=a'+ b'i (a,b,d,b' € R)
la s6 phire
z+z =a+a + b+ b

Nhur vay, dé€ cong hai s6 phife, ta cong cdc phin thire véi nhau, co6ng cic phan
ao vdi nhau.

Vidu2.Tacé6 (B+i)+(2-3i) =5-2;
1-2)+R2+2i) =3;
(2= )+ (=24 3) = 1.

b) Tinh chat ciua phép cong sé phiic

Tir dinh nghia 3, dé thiay phép céng cic s& phifc cé céc tinh chit sau day,
twong tu phép céng cic s6 thure.

e Tinh chat két hop :

(z4+ 2D+ z" =z4(z +2) véimoiz,z' z" € C,
e Tinh chit giao hoan

z+z' =z'4zvéimoiz,z'e C.

e Cong vai 0 :
z+0=0+4+z=2z véimoi z € C.

® V&i moi s6 phitc z =a + bi (a, b € R), néu ki hiéu s6 phitc —a — bi 14 —z
thi ta c6
z+(-z)=(-z)+z=0,

S6 —z dwroc goi 14 s6'dor cua s6 phic z .
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H2| Trong méat phang phirc, cho diém M biéu dién sé z. Hay tim diém biéu dién
SO —Z.

c¢) Phép tru hai s6 phic
DINH NGHIA 4

Hiéu cua hai s6 phiic z va z' 1a tong cia z véi —z ', tite 1a

z—z' =z4+(-z").

Néu z=a+bhi, z'=a"+b'i (a,b,a, b e R) thi

z—z'=a—-a + (b= b
d) Y nghia hinh hoc ctia phép cong va phép trir sé6 phiic
Trong mat phang phiic, ta di coi diém M c¢6 toa do (a; b) biéu dién s6 phiic
z=a+ bi. Ta ciing coi mdi vecto i cb toa d6 (a; bh) bi€u dién s6& phitc
z=da+ bi
Khi dé, néi difm M bi€u dién s6 phitc z ciing c¢é nghia 1a vecto OM biéu
dién s6 phirc dé.
Dé thdy rang, néu i, it' theo thit tr bi€u dién cdc s6 phitc z, z' thi

i + i' biéu dién s6 phifc z + 7,

¥ — ' biéu dién s6 phitc z — z'.

Vi du 3. Quan sit hinh 4.2, ta thy : ¥

I N S S T lpalay
Vecto OM = u cotoa do (1 ; 3) /
bi€u dién s6 phitc z = 1 + 3i ; )

Vecto OM' = ii' c6toado(2; 1)
biéu dién sé phite z' = 2 +17 ;

M

Vecto OP = @i +ii' 6 toa do
(3:4) bifu dién s6 phifc
z4+z'=3+4i ;

Vecto OQ:MM':E'—E c6 toa
do (1 ; —2) biéu dién s& phitc
z=z=1=2 Hinh42
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4. Phép nhan so phiic

a) Tich cua hai s6 phiic
Cho hai s6 phttc z=a+ bi, z'=a'+ b'i (a, b, a',b' € R). Thuc hién phép

nhin moét cdch hinh thitc bi€u thitc a + bhi véi biéu thite a'+ b'i, r6i thay
i2=—1, ta dugc
(a+ bi)(a' + b'i) = aa'+ bb'i® + (ab' + a'b)i
=aa' — bb' + (ab' + a'b)i.

Diéu d6 din ta dé€n dinh nghia sau day.

DINH NGHIA 5
Tich cua haisé phiic z = a + bi va z' = a' + b'i (a,b,d, b € R)
14 s6 phirc
zz' = aa'— bb' + (ab' + a'b)i.

Vidu4. Tacéo
R-DA+2)=Q2Q+2)+@-1)i =4+ 3 ;
(2+D2=1) =@+ 1)+ (=2+2i=5;
Q2+D)(1+2)=(2-2)+(4+1)i=5i.

Nhdn xét. V6i moi s6 thuc k va moi s6 phitcc a + bi (a, b € R), ta c6

k(a+ bi) = (k+ 0i)(a+ bi) = ka + kbi ,

diac biét 0z = 0 véi moi s6 phire z.

H3| Néu vecio i biéu dién sé phuc z thi vecto kii (k € R) biéu dién sé phirc néo ?

Visao ?

Vi du 5. Trong mat phang phitc, n€u di€ém M biéu dién s6 phirc z, diém M’
bi€u dién s6 phitc z' (M khac M') thi trung diém P cta doan thang MM' biéu

Y g - 1 1 3 P " - o 1 : |
dién s6 phirc E(z + z'). Diéu do suy ra tir hé thirc OP = E(OM + OM").
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H4 | Xét s6 phirc z = x+ yi (x, y € R). Tinh 22 va tim tap hop cac diém ciia méat

phéng phiic biéu didn cac sé phitc z sao cho z° Ia s6 thu.

b) Tinh chét cua phép nhan s6 phic
Tir dinh nghia 5, dé thiy rang phép nhan cdc sé phitc c6 cic tinh chit sau day
twong tr phép nhin cac s6 thure.

e Tinh chit giao hoan :
zz' =z'z v6imoi z,z' € C.
e Tinh chAt két hop :

(zz")z" = z(z'z") véimoi z, z', z" € C.

e Nhian védi | :
l.z=z.1=zvéimol z € C.

e Tinh chat phéin phoi (cua phép nhian déi véi phép cong)
2(z'+z"y=zz"+ zz" vé6imoi z,z', z" € C.

Tir cac tinh chAit néi trén ta ¢6 thé thuc hién phép todn cong va nhan cdc s6
phire theo cdc quy tac nhu phép todn cong va nhan cdc s6 thure.

Vidu6. (z4z'Mz—z) =224z 2~22 ~2g = 72 — 72 ;

(z+2)z+2") = (z2+2) = 2% + 222"+ 2 ;

(bi)? = b%i? = -b> (be R) ;

A+ =1+3 +3% +i°=-2+2i.

H5| Hay phan tich z> + 4 thanh nhan tir

5. So phiic lién hop va modun cua sé phiic
a) S6 phirc lién hop

DINH NGHIA 6

S6 phic lién hop cia z=a + bi (a, b € R) 1a a — bi va dugc

ki hiéu boi 7 .
186
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Nhur vay

7 Smeehea =i, AY
Vidiu7. @3 =2-30;
- tM(2)
—4 —\2i = -4 +J2i ; 4
- 0 : -
i =-i; i z
LN =
vl ol ;
s M(z)
e RGrang z =z nén ngudita con ndi z va 7

14 hai sé6 phitc lién hop véi nhau (goi tat 1a Hinh 4.3

hait s6 phitc lién hop).

Hai s6 phite lién hop khi va chi khi cdc di€m bi€u dién clia ching déi xing
v6i nhau qua truc thuc Ox (h4.3).

H6| Chdng minh rang sé phire z la sé thuce khi va chikhi z = 7.

e Tir dinh nghia 6, dé suy ra :

V61 moi s6 phitc z, z', ta c6

z+z' =z+2";

=

HY7| Chimg minh rang véi moi s6 phirc z = a+ bi (a,b € R), taco 7 = a’ + b

b) Médun cua so phiic

Ta da biét gi4 tri tuyét d6i cha s6 thre a I3 4

b # b L w2 . - At
khoang cach tir diem biéu dién a dén gbc toa
do6 trén truc s6. Dé thi'y rang khoang cich tir

diém M biéu dién s6 phiic z = a + bi (a,b € R)
dén gbe toa d6 O ctia mat phang phic 1a

|(ﬁi’1 = \faz +p? = \/E (h.4.4).

DINH NGHIA 7

MY

Hinh 4.4

Modun cua s6 phiic z = a + bi (a, b € R) la s6 thuc khéng dm

1/::12 + b? va duoc ki hiéu 13 |2,
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Nhur vay

Néuz=a+ bi (u,bER)tlﬂlzlezﬂaz+b2.
Vidu8. il =1;1+2]=v1+22 =45

Nhan xét
1) Néu z 1a s6 thue thi médun cua z 1a gia tri tuyét doi cua so thure d6.

2) z =0 khivachikhilz|=0.
Vi du 9. Trong mat phang phiic, tap hop cdc diém biéu dién cdc s6 phiic z sao

cho |z| = 1 12 dudng tron ban kinh 1 véi tam tai goc toa do.

H8| ching minh réng |Z] = |zl voi moi s6 phirc z.

6. Phép chia cho so6 phiic khac 0

HY| Cho s6 phirc z=a+bi (a, b € R) khac 0. Ching minh rang sé

v ] : I =50 mes o= 2

5 R - —(a —bhi) = —7 la séthoaman zz o
2 2 2
a~4+b |z|

DINH NGHIA 8
|

S6 nghich dao ctia s6 phitc z khdc 012 s6 2z~ = WZ :
z

!
Thuong 2 cha phép chia s6 phitc z' cho s6 phitc z khac O 1a
Z

rl ¥ [} o ot > - * ¥ > ~, "ZI [} —I
tich cua z" voi s6 phite nghich dao cuaz, tircla — = z'z .
z

Nhur vay
£ gig
Néu z #0 thi — = —.
7 2
i
CHUY
7 EE o TR § ¥ 5,
Do — = — = — nén dé tinh — ta chi viéc nhin ca tir s6 va
z | |,3 7z 4
z
mau s6 vai z.
188
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2

Vi du 10

3-i _B-ipl- _2-4 ..
195 (L= g &

V242 W2+20W2+2i)  (2+2%  2+42i  -1+242i

V2-2  W2-20W2+2) 2P +22 6 3

1

—:—EI

i
Nhdn xét

1) Véi ZiO,tﬂCf)l: 1,27 =27,
z

G W B o 5o e B e 2
2) Dé thdy rang thwong — 14 s& phitc w sao cho zw = z'. Tir d6 c6 thé néi
z

phép chia (cho s6 phitc khac 0) 1a phép toan nguoc cua phép nhén.

H10| 7im s6 phic z thod man (1+ 2i)z = 3z —1.

Cau haoi va bai tap
Cho cac s6 phiic
2+ 3 1 +21 ;2 —1.

a) Bi€u dién c4c s6 dé trong mat phang phiic.

b) Viét s6 phitc lien hop cta mébi s6 d6 va biéu dién ching trong mat
phang phie.

¢) Vi€t s6 d6i clia mdi s6 phitc dé va bi€u dién chiing trong mat phang phiie.
Xic dinh phan thue va phin ao clia moi s6 sau :

o § B B A o b) (V2 + 3i) ;

c) (2 + 3i)(2 — 3i) ; d) i(2-10)(3+1).

X4c dinh c4c s6 phitc biéu dién boi cdc dinh ctia mét lue gide déu cé tam 1a
gbc toa dd O trong mat phang phic, biét rang mét dinh bi€u dién s6 i .

Thure hién phép tinh
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1 A3

5:; Cho z—= ) + T!.

1

Hay tinh : —;E;z2 ;(E)3 : l+z4 22
z

6. Chimg minh rang :
1

a) Phin thuc ctia s6 phie z bang 5(2 + 7)), phan 4o cna s6 phirc z bang
1 _
5 -7);

b) S6 phifc z 1a s6 4o khivachikhi z=-7 ;

¢) Véi moi s6 phirc z, z,tacd z+z'=z+ 2z, zz'=7.Z',vanéu z # 0 thi

-3)

7. Chitng minh rang véi moi sé nguyén m > 0, ta c6

Am 4 AdAm+l . dm+2 Am+3
= P o =—1:1 =

2

8. Chimng minh rang :

a) Néu vecto # ctia mat phang phitc biéu dién s6 phitc z thi d6 dai clia vecto
i 1a lu]l = 12|, va tir d6 néu cic diém A, A, theo thit tr bi€u di€n cdc s6 phiic

A4y

zy, z5 thi

:|ZZ_Z||;

[ Iz

7

b) Vi moi s6 phite z, z', ta cé |zz'| = |z||z | va khi z # 0 thi

o

¢) Véi moi s6 phiic z, z', ta ¢é |z + z'| < |z| + IZ |

9. Xic dinh tap hop cdc di€m trong mat phang phitc biéu dién cdc s6 phite z
thoa méin tirng diéu kién sau :

e ]

s ]

a) lz —il=1; b) —1: o) lzZl=17-3+ 4il.

Luyén tap
10. Chitng minh rang v&i moi s6 phitc z # 1, ta c6

, Zm_1
1+Z+Zg+___+zg —1-
z_
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11.

14.

15.

16.

Hoi méi s6 sau day 1a s6 thure hay s6 4o (z 14 s6 phite tuy ¥ cho trude sao cho
bi€u thitc x4c dinh) ?
g 2 —\2
, - z-72Z 2 - (z
2" BEY § 3 5 & 8
7> + () 1 + 2z

. X4c dinh tap hop cdc di€ém trong mat phang phitc bi€u dién cic s6 phic z

thoa man tirng di€u kién sau :

a) 72 1256 thure 4m ; b) 7% 146 a0 ;
o) 22 = (7)Y : d) T
z =i
. Tim nghiém phitc cia cac phwong trinh sau :
a)iz+2—-i=0; b)(2+3i)z=z-1;
¢) (-~ )T — =0 d) tz-1)(z+3)(Z-2+3)=0;

e) 22 +4=0.

a) Cho s6 phitc z = x+ yi (x, vy € R). Khi z # /, hdy tim phan thue va phan
TN i
ao cua s phire -

z—1

b) Xdc dinh tap hop cdc diém trong mat phang phiic biéu dién cdc s6 phiic z
piae )

[a s6 thue duong.
z—1

thoa man diéu kién

a) Trong mat phang phiic, cho ba diém A, B, € khéng thang hang theo thit tu
bi€u dién céc s6 phitc z;, z,, z;. Hoi trong tAm cilia tam gide ABC bi€u dién
s6 phirc nao ?
b) Xét ba di€fm A, B, C cta mat phang phitc theo thit tr biéu dién ba s& phiic
phan biét z;, z,, z4 thoa man |z|| = |22| = |z3|.
Chirng minh rang A, B, C 1a ba dinh ctia mot tam gidc déu khi va chi khi

7y + 2 + 23 = 0.
D6 vui. Trong mat phang phite cho cde di€ém : O (g6c toa do), A biéu dién
s6 1, B biéu dién s6 phitc z khéng thure, A' biéu dién s6 phite z' # 0 va B' biéu
dién s6 phic zz'.

Hai tam gidc OAB, OA'B' ¢6 phai 1a hai tam gidc déng dang khéng ?
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CAN BAC HAI CUA SO PHUC
VA PHUONG TRINH BAC HAI

1. Can bac hai cua sé6 phiic

192

DINH NGHIA

Cho s6 phitc w. Mbi s6 phic z thod man 22 =w duoc goi 1a

mot can bac hai cua w.

N6i cich khic, méi can bic hai cia w 13 moét nghiém ctua phuong trinh

22 —w=0 (véidn z).

C6 thé tim can bac hai ctia s6 phife w nhu sau

a) Truong hop w la sé thuc
Dé thay rang can bac hai cia 013 0.

Xét s6 thue w=a # 0,

Khi @ > 0 thi 2> —a = (z = Ja)(z +va). Do d6, 22 —a =0 khi va chi khi
= -\/E hoac z = —\/E. Vay a c6 hai can bac hai la -J; va —s/f_.

Khia <0 thi 22 —a = (z - N-a i)z ++-ai). Do dé, 22 — a = 0 khi va chi
khi z=+/—ai hoac z=—+—ai. Vay a c6 hai can bac hai i ¥—ai vd —v—ai.

Vidu 1. Hai can bac hai cua —1 1a7 va—i.
* s ” . 7 2 % i # % . % .
Hai can bac hai cua —a” (a la s6 thuc khac 0) la ai va —ai.

b) Truong hopw=a + bi(a,b e R),b#0

z=x+ ¥y (x,y € R) la can bac hai ctia w khi va chi khi 2 =w , tire 12

(x + yi)z = a+ bi.
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Do (x + yr) - y + 2xyi nén z2 = w khi va chi khi

X% - _}?2 -
2xy = b.

Vay dé tim cdc can bac hai cia w = @ + bi ta cAn giai hé phuong trinh nay.

Ma&i cap s6 thuc (x ; y) nghiém ding hé phwrong trinh dé cho ta mét can béc
hai x + yi ctia s6 phitc a + bi.
Vidu2

a) Tim cdc can bac hai caa —5 + 124, titc 1a tim cédc s6 phitc x + y (x, y € R)

sao cho (x + yi)> = =5+ 12/ nén ta cAn gidi hé phrong trinh

x> = _y2 sy
2xy =12,

; 12 6 ;
Phuong trinh thir hai cho y = T thay vao phuong trinh thir nhat, ta c6 :
X X
[ 36 :
¥ -==-5  [¥*452-36=0 [+*=4
. <96 S 6
_ E y=— y=—
¥ 3 X X

Hé nay c6 hai nghiém (2 ; 3) ; (-2 ; -3).
Vay c6 hai can bic haicua-5+ 12 1a 2 + 31 va -2 — 3i.

b) Tim cdc can bac hai cua 7 tirc 1a tim x+y (x, y € R) sao cho

(x + yi)?> =i nén ta cAn giai hé phwong trinh

i y2 = 1)
2xy = L.

AN AR .

Dé thay né6 c¢6 hai nghiém [T —] [— 5T —] :

Vay i c6 hai can bac hai la J_rTz(l c o
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e Mot cach téng quit, ¢6 thé chimg minh rang

* S6 0 c6 diung moét can bic haila 0.

* Mbi s6 phite khidc O ¢6 hai can bac hai 1a hai s6 d6éi nhau
(khac 0).

Dac biét, s6 thue ¢ duong c6 hai can bac hai 1a \/E va —\E :

s6 thue @ Am cé hai can bac haila ¥—ai va —v—ai.

H1| Biét mét can bac hai cda w; la z; va mét can bac hai ctia w, la z,. Hay tim

tat ca cac can bac hai ctia wyw».

2. Phuong trinh bac hai
Nho tinh duoe can bac hai ctia s6 phie, dé thdy moi phuong trinh bac hai
Az % B C =10 (1)
trong dé A, B, C 14 nhitng s6 phitc, (A # 0) déu c6 hai nghiém phitc (cé thé

tring nhau). Viéc giai phwong trinh dé duoc ti€én hanh twong tu nhu trong
truong hop A, B, C 13 nhimg s6 thue. Cu thé 14

Xét biét thitle A = B — 4AC.
* Néu A # 0 thi phwong trinh (1) ¢é hai nghiém phén biét

B —Bed
AT THA 27",

trong dé & 1a mét can béac hai ciia A,
* Néu A = 0 thi phuong trinh (1) c¢é nghiém kép

I
4=5= gy

Dac biét, khi A 1a s6 thie dwong thi hai nghiém cua phwong trinh (1) 1a

:—B+¢31 _-B-+A

2A 2A

P ] __—B——J—&i
A » 2 A '

2 ? )

zy Z, : khi A 1a s6 thue 4m thi hai nghiém cua

phuong trinh (1) la z; =
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Vidu3

a) Phuong trinh 2-2+1=0 cé biét thic A = — 3 nén nd cé hai nghiém

L) 37
—

phén biét la

b) Phuong trinh 2 4 (—2+ 1)z — 21 =0 cob biét thie
A= (=252 481 = 34 Hi=12 %)

nén no c6 hai nghiém la

ZV:%D—E+Q+4H=2ﬁEQ=%

H2| Xét phuong trinh bac hai

[20= g=i(2 4 B)] =1,

A + Bz+C=0
trong do A, B, C la nhitng s6 thuc, A = 0. Chimg minh rang néu z, € C la mot

nghiém ctia phuong trinh thi 7y cing la mét nghiém cia no.
CHUY
Trén day, ta da thdy moi phuwong trinh bac hai (véi hé s6 phirc) cé

hai nghiém phite (c6 thé trung nhau). Hon nita, ngudi ta con chitng
minh duoc rang moi phuong trinh bac n

Agz® £ AE™ Bt A48 B 20

(trong d6é n la moét s6 nguyén duong, 4;, 4;, ... A la n+1 s6
phitc cho truwée, A; # 0) luén ¢6 n nghiém phire (khéng nhat thiét
phan biét).

Tinh chat quan trong nay cua tip hop cdc s6 phirc 1a néi dung cua
mot dinh 11 goi 1a Pinh li co ban ciuia dai s6.

Cau hoi va hai tap
17. Tim c4c can bac hai clia méi s6 phic sau :
i 44 1+ 430
195
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18.

Chitng minh rang n€u z 13 mot can bac hai ctia s6 phitc w thi |z] = 4flwl.

19. Tim nghiém phite ciia cdc phuwong trinh bac hai sau :

196

a)zzzz—i—l;
b)z2 +2z+5=0:

¢) 22 (l—3)z= Rli)y=0.

Chit y : C6 thé diing may tinh bo tii dé fim nghiém (gin ding) ctia phuong
trinh bac hai véi hé s6 thue ngay ca khi nghiém ctia né khéng phai 1a sé thue.
Chang han, ding mdy tinh bo tii CASIO fx-500MS dé giai phwong trinh
x* = 6x+58 =0 thién

MODE| [MODE| 1 IMODE| 2 (dé vao chuwong trinh giai phuong trinh bac
hai), 4n ti€p

1 [5] -6 |=| 58 (dé dua vao cdc hé s6 cta phuwong trinh) ; 4n ti€p

=| : trén man hinh hién x1 =3 ; an tiép

SHIFT| |[Re <> Im| : trén man hinh hién x1= 7., (di€u d6 c6 nghia 12

nghiém thir nhat 14 3 + 77 ) ; 4n ti€p

=| : trén man hinh hién x2 =3 ; 4n ti€p

SHIFT| |Re <> Im| : trén man hinh hién x2 = 7., (diéu d6 c6 nghia 1a
nghiém tha haila 3 — 7).

(Thure ra, chi cAn bi€t nghiém thitr nhit 12 3 + 7/ thi da suy ra ngay nghiém thi
hatla3+7i=3-Ti).

. a) Hoi coéng thite Vi-ét vé phurong trinh bac hai véi hé s6 thue ¢6 con ding cho

phuong trinh béac hai véi hé s6 phire khong ? Vi sao ?
b) Tim hai s6 phitc, biét téng cta ching bang 4 — i va tich clia chiing bang
5(1 —1).

¢) C6 phéi moi phwong trinh bac hai z* + Bz + € =0 (B, C 14 hai s6 phitc)
nhin hai nghiém 13 hai s6 phire lién hop khéng thure phai ¢6 cdc hé s6 B, C 1a

hai s6 thue ? Vi sao ? Diéu nguoc lai ¢6 diing khéng ?
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21. a) Giai phwrong trinh sau
(X iz~ = 1=0,

b) Tim s& phitc B dé phuong trinh béic hai 22+ Bz+3i=0 cb téng binh
phuong hai nghiém bang 8.

22. P& vui. Mot hoc sinh ki hiéu mot can bac hai cia —1 12 +—1 va tinh
=1 .4/—1 nhusau :
a) Theo dinh nghia can bic hai cua —1 thi -1 .4/-1 =-1.

b) Theo tinh chit ciia can bac hai (tich ctia hai can bac hai ctia hai s6 bang can
béac hai cua tich hai s6 d6) thi

V-1 =Jenen=A=1

Twrdoé, hoe sinh désuyra —1=1.

Hay tim diéu sai trong lap luin trén.

co 'b,r' 5
< ‘;%

VAI NET LICH SU PHAT TRIEN SO PHUC

T lau, nguoi ta da biét céng thic nghiém cla phuong frinh bac hai
ax? + bx + ¢ =0 (a =0).

Hai ¢6 ching céng thilc nghiém cla phuong trinh bac ba

ac + b’ +ex+d=0 (a =0)

(chi dung phép tinh céng, trlr, nhan, chia, l1ay cin
trén cac hé sé) ?

Pén thé ki XVl, Cac-da-né (G. Cardano, 1501 - 1576,
ngudi Y) tim ra mét céng thirc nhu thé ; nhung di a,
b, ¢, d la nhilmg sé thuc va chi nham tim nghiém
thuc, céng thirc van dé cap dén sé phic.

Girolamo Cardano
(1501 - 1576)

ChAng han, véi phuong trinh x> + px+¢ =0 (p, g 1
hai sé thuc cho trudc) thi céng thirc nghiém cé dang
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198

(-2 ?3 { {2 ?3
O M B . S
2 N4 2 Va7 27

2 3

Cu thé 1a goi §1a mot can bac hai cla %4-2_? lay u.,v sao cho i e —%Jrc?,
2 P | : P © Lz A - » 3 - =

v _—5—5 (ma wuv __E) thi x =u+v la moét nghiém cua x~ + px +¢g = 0.

‘}‘2 P3
Néu 5 Fers 0 thi ta g&p c&n bac hai & cla s6 thuc &m nhuhg két qua u + v cb
thé van la sé thuc.
: '%"2 PS
Vi du, véi phuong trinh x> —15x—4=0 thi ?+E:—121 - lay =11 thi

_%+5:2+]1;‘:(2+;‘)3;—%—5:2—]1;‘:(2—:‘)3. vay ldy wu=2+i,

V= 2—{:;1:5:—%} i +v =4 la mét nghiém clia phuong trinh x> —15x—4=0.

Tuy cong thic nghiém phuong trinh bac ba mang tén Cac-da-né nhung thuc ra,
Tac-ta-gli-a (N. Tartaglia, 1499 — 1557, ngudi Y) da tim dudc I8i giai nhiéu kiéu
phuong trinh bac ba va tiét 16 phuong phap gidi cho Cac-da-n6. Nhé d6 Cac-da-né
fim ra I3i giai tong quat va cong bé né vao nam 1545. Mét hoc o clia Cac-da-né 13
Fe-ra-ri (L. Ferrari, 1522 — 1565, ngudi Y) tim ra cach giai phuong trinh bac bén bang
cach dua vé giai mét phuong trinh bac ba.

Viéc cac nha toan hoc Y tao bao dling cac biéu thirc chira nhilng sé dang con cé vé
bi 4n (s6 40) dé dén dudc két qua thuc dan da cling lam cho cac nha toan hoc chap
nhan s dung ki hiéu @ + hyf—1 (@, b 12 hai s6 thuc) khi gidi phuong frinh bac hai,
bac ba, bac bén trong thé ki XVII.

Sang dau thé ki XVIII, Moa-vro (A. De Moivre, 1667 — 1754, ngudi Anh) tim dugdc maoi
lien quan gilta c&n cha s6 phic véi lugng giac. NAm 1746, Pa-lam-be (J. D'Alembert,
1717 — 1783, ngudi Phap) dua ra chimg minh dau tién dinh Ii co ban cla dai sé. G-le
(L. Euler, 1707 — 1783, ngudi Thuy Si) cling nghién clru van dé nay va chinh C-le da
dung ki hiéu i dé chi don vi 4o. Gau-xd (C. Gauss, 1777 — 1855, ngudi Bac) dua ra
chihg minh day du dinh Ii co ban cla dai s vao nadm 1799.

Pén thé ki XIX, Ii thuyét ham sé bién sé phirc dudc phat trién manh (nhing ngudi
déng gop I6n l1a Cé-si (A.L. Cauchy, 1789 — 1857, ngudi Phap), Ri-man (B. Riemann,
1826 — 1866, ngudi Birc), ...). Ngay nay s6 phirc xuat hién trong nhiéu nghién clu
toan hoc, vat li, khoa hoc, ki thuat.
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Luyen tap

- - ¥ =, l - ot
23. Tim nghiém phirc cua phuwong trinh z + — = k trong cac truong hop sau :
z

a) k=1; b) k =2 ; ¢) k=2
24. Giai cac phuong trinh sau trén C (tire 1a tim nghiém phitc cta cdc phuong trinh

dé) va bi€u dién hinh hoc tip hop cidc nghiém clia mbi phwong trinh (trong
mat phang phic) :

)z +1=0; by z* -1 =0:
c)z4+4=0; d)824+823=2+1.
25. a) Tim c4c s6 thue b, ¢ dé phuong trinh (véian z)
22 4+bz+c¢=0
nhan z = 1 + 7 lam moét nghiém.
b) Tim cdc s6 thue a, b, ¢ dé phwong trinh (véi an z2)
2 +az’ +hz+c¢=0
nhin z = 1 +i lam nghiém va cling nhin z = 2 lam nghiém.

26. a) Diing cong thitc cong trong lwong gidc dé chimg minh rang véi moi s6
thue ¢, ta c6

(cos@ + iIsin (,:*::»)2 = cos2@ + isin2@.
Tir d6 hiy tim moi can bic hai cua s6 phirc cos2@ + isin2¢. Hiy so sanh

cach giai nay vdi cdch giai trong bai hoc & §2.

b) Tim cdc can béc hai cla T(l — i) bang hai cdch néi & cau a).

199
baitap365.com



DANG LUONG GIAC CUA s& PHUC VA
- UNG DUNG

1. So phiic duéi dang luong giac

a) Acgumen cua so phiic z # 0

DINH NGHIA 1

Cho s6 phiic z # 0. Goi M 14 di€ém trong mit phang phic bi€u
dién s6 z. S6 do (radian) cia moi gbc luong gidc tia dau Ok, tia

cubi OM duge goi 1a mot acgumen cua z .

CHUY Y4
Néu @ 1a mét acgumen

cia z (h4.5) thi moi
acgumen cua z cé dang

@+ k2n, k € Z. (Nguoi M(z)
ta thuong ndi : Acgumen @ -
cia z# 0 x4dc dinh sai o x
khac k2n, k € Z).
Hinh4.5
Vidul (h4.6).
- y l
a) S6 thue duwong tuy ¥ c6 mot acgumen
C(Sf)-

1a 0.

b) S6 thuc 4m tuy v c¢é6 moét acgumen

¥ /E“”’
5 T

c) Cic s6 3i, —2i vi 1+i theo thi tur B-2) 9| am x

5 mot la =—, —— va — D(-2i
CO IMOL acguincii 1a 4 va ' $

Hinh 4.6
200
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Nhan xét

Hai s6 phitc z va Iz (v6i z# 0 valla so
thuec dwong) c¢6 acgumen sai khac
k2n.k € Z,vi ciac diém biéu dién cna
ching cuing thuéc mét tia géc O (h4.7). N(lz)
M(z)

H1| Biétsé phit z = 0 c6 mét acqumen la .
Hay tim mét acgumen clia mdi s6 phifc sau :

=Y

| 1 _
i r—E ) .
z zZZ Hinh 4.7

—7 1 Z ;—E;l(défrﬁng
z

b) Dang luong gidc cua s6 phiic
Xétsophitc z=a+ bi 20 (a, b e R). M(a + bi)

Ki hiéu r 1a moédun cua z va @ la mot
acgumen cna z (h.4.8) thi dé thiy rang :
a=rcos®@, b=rsing.

Vay z = a+ bi # 0 c6 thé viét duéi dang
z=r(cos@ +isin).

Hinh 4.8

Ta co
DINH NGHIA 2
Dang z = r(cose + ising), trong dé6 r > 0, dugc goi 1a dang
luong giac cua s6 phic z #0. Condang z=a + bi (a, b e R)
duoc goi la dang dai s6 ciia s6 phiic z.

Nhdn xét. Dé tim dang luong gidc r(cos¢ +ising) clia s6 phitc z = a + bi

(a, b € R) khac 0 cho trude, ta can :

1) Tim r : d61a moédun cta z, r = \/az + b2 : 86 r dé ciing 1a khoang cach
tir g6c O dén diém M biéu dién s6 z trong mat phang phic.

2) Tim ¢ : d6 1a mot acgumen cia z; @ la s6 thuc sao cho cos@ = — va

a
=
. b . - - ; W i G : :
sing = — ;s6 @ do6 cling la s6 do mot gée lwong giac tia dau Ox, tia cuéi OM.
5
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Vidu?2

a) S6 2 ¢6 modun bang 2, cé mot acgumen bang 0 nén né ¢6 dang luong giic
2(cos0 + 7s1n0) ;

b) S6 -2 ¢6 moédun bang 2, ¢6 mét aceumen bang T nén né cé6 dang lwong
gidc 2(cosT +isInm) ;

som - = - = T[ A - -
c) S6 i c6 moédun bang 1, c6 mét acgumen bang 5 nén né cd dang luong

: nm .. T
glac cos— + 1sin— ;
2 2

* - - ~ = - ~ = TI: " - -
d) S6 1 + i ¢6 moédun bang «2 , ¢c6 mot acgumen bang 7 nén noé c6 dang
g T .. T
lwrong giac '\/E[CDSI + ISIHI] :

e) S6 1 - \/?_)r' c6 modun bang \/12 + (\/?_))2 = 2, c6 mét acgumen la @ sao

cho cosg = % sing = % Liy @ = —% thi
| —af3i = 2| —— —j | = —— —— .
\/_ 2[2 5 I 2| cos 3 +7sin 3
CHUY

1) |zl = 1 khi va chi khi z = cos@ +ising (@ € R).
2)Khi z =0 thi |zl = r = 0 nhung acgumen cta z khéng xdc dinh

(d6i khi coi acgumen cua O 1a s6 thue tuy y va van viét
0 =0(cos@ + ising)).

3) Can dé y doi hoi r > 0 trong dang luong gidc r(cos@ +ising) cla
s6 phirc z # 0.
Vidu 3
a) S6 phitc —(cos@ + ising) cb dang lvong giic la
cos(@ + m) + isin(@ + m).
b) S6 phitc cos@ — ising c6 dang lwong giic 1a
cos(—@) + i sin(—@).

H2| Cho z = r(cosg@ + ising) (r > 0), tim médun va moét acgumen ctia —, tir do
Z

suy ra dang lurong giac cua l
Z
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Nhan va chia so phiic duéi dang luong giac

Ta da biét cong thirc nhan va chia s6 phire duréi dang dai s6. Sau day 1a dinh 11
néu lén céng thirc nhan va chia s6 phic dudi dang lwong gidc ; ching cho céc
quy tac tinh todn don gian vé nhin va chia sé phiic.

DINH LI

Néu z = r(cos@+ising),
z' =r'(cose +isin@') (r=0,r"z0),
thi zz' = rr'[cos(@+ @) + isin(p + @')].

Z_I

— - IT [cos(¢' — @) + isin(gp' - @)] (khi r > 0).

N6i mot cach khédc, d€ nhan cdc s6 phite dudi dang lwong gidc, ta 14y tich cdc
moédun va téng cdc acgumen ; dé chia cdc s6 phite duéi dang lwong gidce ta lay
thuong cac médun va hiéu cac acgumen.

Chitng minh
zz' =[r(cos@ + isin@)] [r'(cos@' +ising’)]

= rr'[cos@cos@ — sin@sin@' + i(sin@cos@' + cos@sin@')]
= rr'[cos(@+ @) +isin(@ + @')].

Mat khac, ta cé 1 = l[CDS(—(ﬂ) + isin(—¢@)]. Theo céng thitc nhin s6 phite,
Z r
ta co
g e e P : ;<o i
— =7z —=—[cos(¢'— @) +isin(¢' — @)] .
z 7
Vidu4.Tacé L+i= ﬁ[cos% + isin%)

A . m s i Ak
va \EJrr == 2[c05—+ rsul—],

6 6

i 1+ \/27_ ['n ']I] _.('n ﬂﬂ
nén = CoS| —— — | +iIsm| —— —

B+i 2L 4 6

‘Ji;’ m 'JI].

= COS—+ 1811 —

2 U712 12
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Nhan xét. Néu thuce hién phép chia trong vi du 4 dudi dang dai s6, ta duoc

| +1i

\/54—.!'
mo_N20443) w263 -1
RO - SR =,

12 12

| -
= 1[1 + 3 + (\/_ — l)i] nén tir k€t qua trén suy ra

cOS

3. Cong thuc Moa-vro (Moivre) va ung dung
a) Cong thuc Moa-vro

Tir cong thitc nhan s6 phite duéi dang luwong gidc, bang
quy nap toidn hoc dé dang suy ra rang véi moi sé
nguyén duong n,

[r(cose +isin@)]” = r" (cosng + isinng)

vakhi r=1, tacd

(cos@ + ising)" = cosn@ + isinng.

A. De Moivre = — — ,
(1667 — 1754) Ca hai céng thitc d6 déu diroc goi la cong thiic Moa-vro.

3
Vidusd. (1+ E)S = {ﬁ{cos% + isinlﬂ

A
I
—(\/5) [0054 + i sin 4]
‘4‘5[‘7”7
= —4(1 +1i).

b) Ung dung vio luong gisc

Céng thite khai trién luy thira bic ba clia nhi thifc cos@ + isin¢ cho ta

(cos@ + is,inqs*)3 = cos’ @ + 3 cos’ @(isin@) + 3cos (,‘r.’J*(."sing‘e:?)2 + (7sin @)3
- cos’ @ — 3cos g’f?sin2 @+i(3 cos’ @sin @ — sin” @).

Mat khac, theo céng thitc Moa-vro,

(cos@ + isin tp)s = cos3@ + isin3@.
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Tirdé suyra
cos3p = cos’ @ — 3cos .grsrs.in2 @ =4 cos’ @ — 3cos @,
sin3¢p = 3cos’ @sin @ — sin’ @ = 3sin@ — 4sin’ ®.

Twong tur, bang cich d6i chi€u céng thite khai trién lu§ thira bic n cua nhi
thitc cos @ + ising véi cong thite Moa-vro, cé thé biéu dién cosng va sinng

theo cdc luy thira clia cos ¢, sing.
¢) Can bac hai cua sé6 phire duéi dang luong giac
Tir cong thitc Moa-vro, dé thiy s6 phitc z = r(cos@ +ising), r > 0 c6 hai

can bac hai la

‘\/I_(CDSZ +351112)

va —\/F(cosg + fs’m%) = -JJ_'[CGS(% + 7) + isin(% + ‘n)].

Cau hoi va bai tap

=, LRy ke # - # — l #
27. Hay tim dang luong giac cua cac s6 phicc : 7 ; —z ; = ; kz (k € R) trong
Z
moi trurong hop sau :

a) z=r(cos@+ising) (r>0);

b)z=1+/3i.
“y

28. Viét cdc s6 phire sau dudi dang lwong giac :

) 1—if3;1+i ;(1—5«/5)(1“);#;
b) 2i(\f3 — i) ;

1

) 5o

d)z=sin@g+icosp (pe R).
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Chit y : C6 thé diing mAdy tinh bd tii dé chuyén d6i dang dai s6 v6i dang
lwong gidc clia s6 phitc z # 0. Chang han, diing mAy tinh bd tii CASIO
fx — 500MS dé :

1) Déi tir dang dai s6 z = 1 + \Er' thanh dang lwong gidc z = r(cos@ + ising)

thi (dat o ché¢ d6 "radian") an lién ti€p

Pol( | = v 3 ) = | : trén man hinh hién 2
(tire 12 r = 2) ; 4n tiép
RCL F | : trén man hinh hién F=1,047197551 (tic 1a @ » %).

; i oL v
2) Doi tir dang lwong giac z = 2(c05§ + fsiugj thanh dang dais6z=a+ bi

thi (dat 6 ché do6 "radian") an lién ti€p

SHIFT | | Rec( | 2 . | |sHIFT| | = =13 |2

trén man hinh hién 1 (titc a = 1) ; an ti€p

RCL F | tren man hinh hién F = 1,732050808 (titc 1a b ~ +/3).

29. Diing cong thitc khai trién nhi thite Niu-ton (1 + i)'g va cong thitc Moa-vro dé
b €% — (24— w18 18,
30. Goi M, M' 1a cic diém trong mat phang phitc theo thit twr bi€u dién céc s6

7=34+i, 2' =B =)+ 1+ 3B

a) Tinh —.
Z

b) Chimg minh rang hiéu s6 acgumen cia z' véi acgumen cua z 1A moét s6 do
cua géc lwong giac (OM, OM"). Tinh s6 do dé.
F % £ ‘JE . 5 l .
31. Cho cac so phirc w = T(l +i)va € = 5(—1 - :\E).

# - = T[ - - T[ ; 5, r - on
a) Chimg minh rang z, = CDSE—F rsmﬁ, Iy = g€, Iy = 2052 la cac nghiém

cua phurong trinh 22— w=0.

b) Bi€u dién hinh hoc cdc s6 phic z5, z;, z,.
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Luyén tap
32. Sir dung céng thirc Moa-vro dé tinh sin4@ va cos4¢@ theo céc luy thira clia
sing@ va cos .
33. Tinh

2
(3= ; [;]2“”4 , [ I.
’ L +i ’ 1 — 2i3

; l , ;
34. Cho s6 phic w = —5(1 + f\/g). Tim cdc s6 nguyén dwong n dé w" 1a s6 thure.

Hoi ¢6 chang moét s6 nguyén dwong m dé w™ 1 s6 a0 ?

35. Viét dang lwong gidc cna s6 phitc z va clia cdc can bac hai cua z cho méi
truong hop sau :

) TN
a) |zl = 3 va mot acgumen cua iz la 3
1 Z 3n
b) |z| = = va mét acgumen cua la ——.
) Jel = 5 vamotace T+i = 4

36. Viét dang lwong giac cua céc s6 phire sau :

5
a)l—itan%; b)tan?ﬂJrf;

c)l —cosp—ising (pe R, pxk2n, ke Z).

/CAN BAC n CUA SO PHUC

Tuong tu dinh nghia cAn bac hai clia s6 phiic, ta goi s6 phifc z sao cho z" = w 12

moét cdn bac n cua sé phirc w (1 1a s6 nguyén cho truéc, n > 1).
R6 rang chi cé mét cAn bac n cla w =0 1a 0.
Khi w = 0, ta viét w dudi dang luong giac w = R(cosa + isine), R > 0. Ta can
tim z = r(cos@ + ising), (r> 0) sao cho " =w.
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Theo cong thic Moa-vrg, z' = w ¢é nghia la
e (cosng + isinn@) = R(cosa + ising),

ticla ' = R vanp = a + k2, (k € 7).

k2
Tuds r= 4R, o= 22T tiela
n

. [ [a{ anJ Lk [cx kEﬂ:H
7z =R |cos| —+— |+ 1Is1n| —+ —— | |.
n i n n

Lay £k =0, 1,....,n — 1, tadudgc n can bac n phéan biétcla w.

Vi du
S6 W =i = cos— + i sin— cé ba can bac ba I ¥4
2 2 B(z,) Alz)
T . . I
ZI = COs— + IS1N—
6 6 \ /
e
=SB+ 0 x
_ [E+2ﬂ]+__[ﬂ+2ﬂ]
2'2 — CO0S 6 3 I 511 6 3
|
= 5(—\/5 +1) ; ¢z
T 4w .. [T 4w ; :
Z3 =S COS| —+ — |+ I8I0| —+ — | = =1 ; Hinh 4.9
6 3 6 3

(trén hinh 4.9 cé ba diém A, B, C theo thirtubiéu dién z;, z,, z3).

Chu y : Néu w =0 thi cac cin bac n (n =3 cho trudc) clia w dugdc biéu dién
trén mAt phang phic bdi cac dinh clia mot n-giac déu ndi ti€p dudng tron tam O ban
kinh &flwl.

Cau hoi va bai tap on tap chuong IV

37. Tim phan thue va phan 3o ctia méi s6 phifc sau :

208

a) (2 -3 ;
3+ 2 1 —1i
-

c) (x+1i y)2 — 2Ax +1iy)+ 5 (x,y € R). V&i x, y nao thi sé phitc d6 la s6 thure ?
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38. Chitng minh rang néu Izl = [w| = 1 this6

Z+w
1+ zw

[a s6 thue (gia str 1 + zw # 0).

39. Giai cac phrong trinh sau trén C

D (z+3-i) -6(z+3-i)+13=0:

) 2 )
b) [rz+3] _3124-3_4:0;

z—2 z— 21

Q) (Z2+1)2 +(z+3)?%=0.

40. Xét cac so6 phire

41.

: . z
a) Viét z,, z,, z; duéi dang luong gidc.

; I n . . In
b) Tircu a), hdy tinh cos— va sin—

12 12
Cho z= (/6 + 4/2) + i (46 — 42).

a) Viét 72 dudi dang dai s6 va dudi dang luwong giac.

b) Tir cdu a), hdy suy ra dang lwong gidc cua z.

. a) Bang cé4ch biéu dién hinh hoc cdc s6 phitc 2 +i va 3 + i, hiy chitng minh

5 . 1 . AN M
rang néu tﬂ_llfi‘—i, taﬂb—g vOla, b e [0, 2] th1a+b—1.

b) Bang cdch biéu dién hinh hoc cdc s6 phitc 2 + i, 5 +i va 8 + i, hiy ching

1

. . . | . T .
minh rang néu tana = 3 tanh = = tanc = 3 volL a, b, ¢ & (O . 5] thi

n
b ':_-
@ PR 7
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Bai tap trac nghiém khach guan

Trong mai bai tdp dudi day, hay chon mét phirong dn trong cde phuong dn da
cho dé dwoc khang dinh diing.

43. Phan thucctia z = 2 1a

(A) 2; (B) 2i ; (E) 0 (D) 1.
44. Phinaocua z =—2i 1a

(A)-2; (B) -2 ; (C)0; (D) =1
45.56 z +z I

(A) s6 thue ; (B) s6 ao ; (C)0 ; (D) 2.
46. S6 z — 7 la:

(A) s6 thure ; (B) s6 ao ; (C)0 ; (D) 2i.
47. S6 1 —1|—r' bang

(A) 1 +17 ; (B)%(l—f); (C)1-1i; (D) 1.
48. Tép hop cdc nghiém cua phurong trinh z = . i - 1a

(A) {0;1 =14} ; (B) {0} ; (©) {1 —1i}; (D) {0, 1}.

49.

50.

S1.

210

Mb6dun ctia | — 2 bang

(A) 3 ; (B) /5 ; (©)2; (D) 1.
Moédun clia —2iz bang

A) -2l ; B) V27 ; (©) 2l ; (D) 2.

Acgumen ctia —1 + i bang

(A)%TﬂJrkEﬂ(kEE); (B)—%-I—ﬁ.’QT[U{EZ);

(C) %wzn keZ): (D) %+ Kn (ke 7).
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52. Néu acgumen ctia z bang —% + k27 (k € Z) thi

(A) Phan ao cta z 1a s6 duong va phan thue cta z bang O ;
(B) Phén ao cua z 12 s6 Am va phén thue ctia z bang O ;
(C) Phan thuc cta z 14 s6 Am va phan ao ctia z bang O ;
(D) Phan thure va phan 4o cta z déu 1a s6 Am.

53. Néu z = cos@— isin@thi acgumen ctia z bang

(A) ¢ + k2t (k € Z) ; (B) —@p+ k2n (k € Z) ,

C) p+n+k2n (ke Z) ; (D)fp+%+k2’n (ke Z).
54.Néu z = —sin@ — i cos @ thi acgumen cua z bang

(A) —%—Fgﬂ—kﬁﬂﬂ ke Z): (B)—;—goJerﬂ keZ):

(C)%+tp+k2ﬂ (ke Z); (D)n— @+ k2n (ke Z).

Cau hoi va bai tap on tap cudi nam
I - BAITAP TU LUAN

1. a) Chitng minh rang him s6 f(x) = € — x — | déng bién trén nira khoang

[0 ; +o0).

b) Tirdé, suyra € >x+ 1 véimoix > 0.

L2

a) Khao sit sir bién thién va vé& dé thi ciia haAm s6 f(x) = 2 - 3x2 = 12x - 10.
b) Chimg minh rang phwong trinh 2% — 3% - 12x - 10 =0 ¢c6 nghiém thue
duy nhat.
c¢) Goi nghiém thure duy nhét ctia phwong trinh 13 e, Chitng minh rang 3,5 < a < 3,6.
3. Goi (C) la dé thi cua ham s6 y = In.x va (D) 1a mét ti€p tuyén bat ki cta (C).
Chitrng minh rang trén khoang (0 ; +), (C') nam & phia dudi cua dudng
thang (D).
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10.

212

Mot xuwrdng in ¢ 8 miy in, moi mdy in duce 3600 ban in trong moét gid. Chi
phi dé van hinh mo6t mdy trong méi l4n in 1A 50 nghin déng. Chi phi
cho n mdy chay trong moé6t gid 12 10(6n + 10) nghin déng.

Hoéi néu in 50000 t& quang cdo thi phai sir dung bao nhiéu méay dé duoc 1ii
nhiéu nhat ?

Tim gia tri 16n nhat va gia tri nho nhat cua ham s6 f(x) =—=—————== trén

X2 +x+6

doan [0 ; 1].
4"
4% +2

a) Cho P(x) = va hai s6 a, b thoa man a + b = 1. Hay tinh P(a) + P(b).

i logg 2—%](}34@5
6 y

b) Hiy so sanh A = 318 vi B = [_
a) Chitng minh rang néu @ va b 1a hai s6 duong thoa main & + b = Tab thi

b 1
log, - ; - E(log? a+log;b).

b) Biét @ va b la hai s6 dwong, ¢ # 1 sao cho log,bh = V3. Hay tinh
log Ja
alb Jb_""

" T - S £ Et
a) Tim dao ham cua cac ham s6 y = cosx. e

™ va y=logy(sinv).

b) Chitng minh ring haim s6 y =™ + 2 thod min hé thic y" — 13y — 12y = 0.
3 X X

a) V& d6 thictia cdc hams6 y=2", y = (\/E) vay =(\/§) trén cung moét mat

phang toa d6. Hay néu nhan xét vé vi tri twong d6i ctia ba dé thi dé.

b) V& d6 thi ham s6 y = logyx. Tir d6 hdy suy ra dé thi cuia ham s6

y=2+ logyx va dé thi cia ham s6 y = logs(x + 2).
Gial cac phuong trinh va hé phwong trinh sau :

. - 2 :
2} ST B giERL. 55, b) log:{lng%—?ﬂngl .1?—|—5]:2 :
2 2
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11.

14.

13.

16.

17.

2 2787 = 22,
c) 4]03_1'+I _ 6]031 . 2.3103_1' *2 . 0 : d) 1 | |
logg—+ = = =log,(9y).
By T T5 =5 0g3(9y)
Tim tip x4dc dinh clia cdc ham s6 sau :

a) v= log[l — lu::ng(ﬂr2 —Sx+16)] ;

, 1
2

. Tim nguyén ham ctia m6i him s6 sau :
a) y= _r3(1 +- ,1’4)3 : b) y = cosx sin 2x ; o) y= 12 :
cos” x
. Tim ham s6 £, biét rang f'(x) = 8sin’ (-r — %] va f(0)=8
Tinh cac tich phéan sau :
|
dx
a) - b) : c) | x%e'dx.
I,x-2+1 ‘[2+1+1 ‘[

Tinh dién tich cdc hinh phang gidi han bdi cdc duwdng
D \ % o
i) W70 vd 9087 = 2
b)y’ —dv =4 vA 4x— y=16.
a) Cho hinh thang cong A giéi han bai d6 thi hAm s6 y = €', truc hoanh va céc

dudng thang x = 0 va x = 1. Tinh thé tich ctia kh6i tron xoay tao duoc khi

quay A quanh truc hoanh.

b) Cho hinh phang B giéi han béi parabol y = Z+1va dudng thang y = 2.
Tinh thé tich khéi tron xoay tao duoc khi quay B quanh truc tung.

Cho céc s6 phitc z; = | +i, z, =1 — 2i. Hay tinh va biéu dién hinh hoc c4c
s@ phirce :

— . Z
zl?‘ s Z)1Zy5 221~ 2y ZZy VA =.

Z)

213
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18. Tinh :
W (VB i) = (VB-i) : b) (VB +i) +(VB-i) :

\3 ) (3 +i)
c) (\EH) —(\E—r) : d) (\Ei;)ﬁ'

,biétrang |z |=1vaz #1.

" > 1 1
19. a) Xac dinh phin thue cua s6 phiic ;7' i 1

z+1
z—1

b) Chirng minh rang néu las6aothi|z|=1.

20. X4c dinh tap hop cdc diém M trén mat phang phicc bi€u dién cdc s& phiic
(1+iv3)z+2, trong d6 |z - 1|<?2.
21. Tim cdc can bac hai cia mdi s6 phic :

_846i : 3+4iva 1-22i.

L2
LJ

. Giai cdc phuong trinh sau trén C
a) 2 -32+43+i=0 :
b) g (cos@ +ising)z +isin@cose = 0,
trong d6é @ 1a s6 thue cho trude.

SR Y g (WI; _

II - BAI TAP TRAC NGHIEM KHACH QUAN
Trong moi bai tdp duci day, hay chon mét phirong dn trong cde phuong dn da
cho dé duoc khang dinh diing.

1 .
,—_1'3 —2x2 $3x+1

24. Ham s6 f(x) = e?

(A) PBéng bién trén mbi khoang (-0 ; 1) va (3 ; +0) ;

214
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(B) Nghich bién trén moi khoang (—o ; 1) va (3 ; +=) ;
(C) Béng bién trén khoang (—= ; 1) va nghich bié€n trén khoang (3 ; +») ;

(D) Nghich bién trén khoang (—o0 ; 1) va déng bién trén khoang (3 ; +).

b3 I i . 2 - - “ * fd " =
. Ham s6f(x) = sin” x — 2sinx ¢ gid tri nho nhat 1a

1 | 'y 1
(A) -5 ; (B) 0; (C) —1; (D) -3

. Goi (¢) 1a d6 thi cia hAm s6 y = v x? + x . Khi dé

(A) Budng thang y = x + 1 1a tiém can xién ctia (¢) (khix — o) ;
3 1 ; B :

(B) Buong thang y = x + 5 [a tiém céin xién cta (¢) (khi x — +0) ;

(C) budng thang y = —x 14 tiém c4n xién clia (¢) (khix — +o) ;

(D) D6 thi (¢) khéng c6 tiém can xién (khix — +o0),

. D6 thi cia ham s6 y x4+ ti€p xdc tai diém (1 ; 1) véi
(A) Parabol y= 21‘2 -1 (B) Parabol y = .1‘2 :
(C) Parabol y= —x% +2x (D) Buong thang y = 2x + 1.
: CheshiatisBiduons sl b TR Inf s Lo iy 208 ; ) TR
(A)X >7Y, B) X< Y,
(C)X = ¥y (D) X<VY.
a+h e i E‘h
. Cho haisé khéng amavab.Dat X =e 2 va Y = 5 — . Khi dé
(A)X >7Y,; (B) X <« X
(CO)X=>=7; (D) X<Y.

. Cho (%) 1a d6 thi cia hAm s6 y = log,v. Ta c6 thé suy ra d6 thi clia ham s6

y = log,2(x + 3) bang cdch tinh ti€n (*9) theo vecto

(A)v =(3; 1); (BY v =(3;-1);
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(G v =(331) (D) v =(-3;-1).

31. Cho hams6 f(x) = logﬁ(,r2 + 1) . Khi doé

o« R A e b
G D i

[

T & o . > 5, a X %, 2 . » % 4 2 *
. Biét rang do6 thi cua haim s6 y = @ va d6 thi cua ham s6 y = log,x cat nhau tai

difm (W2~ i «2). Khid6

f

(A) a>1vab>1; (B)a>1vaO<b<1;
(C) O<a<lvab>1; (D)0<a<1vaO<h<l.
, 2x4 43
33. Cho hamso6 f(x) = 5 . Khi dé

X

(A) jf(r)dr = E—EH* - (B) If(r)dr = £+3+ of:

S il T S il "
3

(©) [flx)dv = 0P34 (D) [ fx)dr = 2K e A

X 3 2x

34. Néu a 1a mot s6 thoa man cdc diéu kién :

n 3n] | % N
ae[i,T} va _{[cus(ija)dl—sma
thi
Aya=m ; (Bya=m ;

(C) a=2+/n : (D) a =27 .

35. Goi S 1a tAp hop tat ca cdc s6 nguyén duong k thoa min di€u kién
L= ,{"
J.ln?dr <e—2
L
Khi dé

(A)S= {I}; (B)S=1{2};
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(C)§={1;2}; (D)S=T.

36. Cho s6 phic z tuy §. Xét cde s6 phitc @ =z2+(Z)> vd B =27 +i(z- 7).

Khi d6

(A) a la s6 thue, fla so thuc ; (B) & 1a s6 thue, fBlasé ao ;

(C) ex1a s6 ao, Fla s6 thurc ; (D) e 1a s6 a0, Bla s6 ao.
37. Cho s6 phiic tuy v z # 1. Xét cdc s6 phiic

a = T%lf—z? L (@) va B = Zj__f L@ +7.

Khi dé6

(A) o la s6 thue, Bla so thuc ; (B) o 1a s6 thue, Blasé ao;

(C) ex1a s6 ao, Bla s6 thue ; (D) e 1a s6 a0, Bla s6 ao.
38. Néu modun ctia s6 phife z bang r (r > 0) thi médun ctia s6 phite (1 — 1')2_2' bang

(A) 4r; (B) 2r;

(©) 2 ; (D) r.

baitap365.com
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HUGNG DAN GIAI, DAP SO CAC BAI TAP

CHUONG 1
4.a0<0.5.-2<a <2 10. a) 18000 nguoi va
22000 nguoi; b) f'(t) = 20 = 1> 0 ;

(r + 3)

c)e Nam 1990 : 0,192 ; e Nam 2008 : 0,065 ;
e Nam 1996. 11. a) y., = f(=3) = -

: b) Ham s6 khong c6 cuc
i1 e) Vo= FELE 22 5 Yéri= fll) 2
=f(-D=1; vy, =f(0)=0;

2 13

€) Yep = f(=1)=2 —}‘(1)—1—;

f) Yep = F0)==3; y7r =72 =1.

12. a) y.y = _1-'(—\5) =emd § Mege= _‘.-'(ﬁ) =1 B
b) Yep = ¥(0) = 242 ;

i T
L = Y| — 4k = —_— 7 k -
Yer '1[6 TE] 5 T

d) yor = ¥km) = 2(1 — coskm) ;

(

2T |
Vep = _‘Ir’[iT'F Zﬁc:rcj = 45-
13.0a=-2.b=3,¢=0,d=0.14. a =3, b =0,
|

¢=—4.16. max f(x) =1 ; min f(x) = —
el 2

xR
17.a); max f(x)=10; min f(x)=-6;
xe[-2:3] xe[-2:3]
. : . _1
b) max f(x)=-4: min f(x)=-5—;
vel-4:0] vel-4:0] 3
c¢) min f(x)=2 ;d) mm; }‘(1} =
x=0 xe[2
218

min f(x)=-4 ;e) max f(x)= 3E ¥
xe[2:4] xe[0:1] 3
i 3
f(‘n)—Q f) max f(x)=—
ey xe[0;2] 2
_ 3
18.a) maxv =3 ; miny=——;
el - xel 2
2 : |
b) max y =3— ; miny = 3—.
xel 16 xel

19. BM = % Khi dé dién tich hinh chii nhat 1a

_J_;

5 . 2001 =12 (con ca).
. 1 : |
2l.a) y. = f(-1) = “7 v Yea= fi)y=—=;
4 55 3 : >
b) Yer =1 [_Ej = 61 :€) Yep = F(0) = W

d) Ham s6 khong cé cuc tri. 22. m > 0.
23. 20mg ; d6 giam huyét 4p nhiéu nhit la 100.

V5. 25.9 km/h.
26. a) 375 nguoi/ngay ; b) ngay thii 15 ;

24.M(-1;1); AM =

675 nguoi/ngay ; c¢) Tu ngay tha 11 dén ngay
thit 19 ; d) Ham s6 f dong bién trén [0 ; 25].

27.a) max {3-2x =3: min f3-2x =

15[ 3:1] xe-3:1]
b) max f(x)= Z-J_ min _f(x)= -
xel-2;2 ve[-2:2]

c) max f(x) = 3:min f(x) = u :
relR relk 4

d) lﬂﬂx_lf(l}—ﬁ?n+§; I‘l‘li?l:‘l Tﬂ-r}:_;.

XE| =TT |

Al

B i — By
>

28. Hinh vuong co canh dai 10 em.
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3 [ _r:X—l—%
29 a)f[—;——j;ﬁ .Y =2x? ;
4" 8 _y )
TR
x=X+1
7 I
by I|1;:—=]|: S e
)[ Zj p:}’r—l 2
: p)
1
= X +—
1 1 X 8 2
I : Y = -4X
: [s 15]* o ‘
T
r=X
dymu;—ﬁ);{‘ B =%
y=Y =2
30.a)I(1:-1); b){ = X3 -3x ;
r=X-2 1
c) y =—3x +2.31 Y = ——;
y=¥+2 X
32.a) I(1;1);b) I(-1;3).

x=X+x ¢
33- F Y = aX + —.
y=Y+ X

: . 2 .
34. a) Tiém cin ding : x = =g tiém can

1

ngang: y = 3 ;b)x=-3:;v=-2:c)Tiémcan

Xien: y=x+2;tiémcinding:x =3;

: | :
d) Tiém céan ding x = _E; tiém cin xién:

X

q
y = vy re)a= L=y y=0 8 =1

2

v=20.35. a) Tiém can ding : x = 0 ; tiém can

415 G e donglh Tl & 1w ) IS o s R o S T
3

Bl Ve Sl 8% ody.x 51 § ¥iEe
J

1 :
Vo= ~3 : 36, a) y = x (khi x & 4w), vy = —x

(khix — =) ; b) vy = 3x (klu x = +m), vy = x (klu
x—=>»=0):c)y=2x(khix =>+w); y=0(khix-—>-w);

d) v=x +% (khi x —+w),

y=—X- E (khi x — —o0).

37. a) y = 2x (khix > +m);
y=0(khix = -m);
b) y=x—2(khix = +»);
yozae 42 (kchit o =ye=an) ;
c) v =x(khix — +»);
v =—x (khix =& —m);

d) el a1 T
3&3M:ﬁ;y:x+1;mjm;4L{X=X+3
y=Y+4;
c) YZX-I-E. 39.a) I[-2;-3); }’:X_i :
X ' X

by I(5:2); Y=X+%. 40.b) vy = -3x - 3.

41.b) em < -1 hoacm >3 : | nghiém

e =—1 hoacm =3 : 2 nghiém ;

°o—| -‘-'.:m-::3:3nghj¢m.

i) 8 7
43.c) v = X—=—VvVa y= ——=x——:
3J_ 3 33 3

45.b) em < -2 hoacm > 2 : | nghiém

e m=-2hoac m =2 :2 nghiém ;
o) <m<2:3nghiém.

46.3)!?1-‘-::—1 2<m<3Im=3 48.aym>0;

b) vy=- 13 — va y= A -;+13
' 3J_ We 12
3 | 3 11
5|b ] i I|:——_'—'—_.
3.b) v 41 Z,C) ¥ 41 5
|

54. b) Dé thi clia ham s6 y= -1+ la

x+1
hinh déi xiing ctia (1) qua truc hoanh.
55. b) y=3(x-2).56. b) Gitt nguyén phan
ctia (‘') nam phia trén truc hoanh va ldy déi

xting phén ctia (¢) nam phia duéi truc hoanh

qua truc hoanh.
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57.b) Hai giao diém : A(0: 1), B[—% . %] .

c) Pudng thang y = 1 Ia ti€p tuyén chung cta
(¢) va (EP) tai A ; phuong trinh ti€p tuyén ctia

3 3
(¢)va (P ) tai B, theo thi tu, 1a y = ~o¥tT

1
;——j (¢)

1
va y = _ZI—I_E . d) Trén [—m 5

nam phia dudi (P) : trén [—]E; ﬂj va (0 ; 40)

(¢ ) nam phia trén (P).

S8.b)em <0 hoacm>12;em<0.

3
60. O(0;0); y=—=x.
2
‘I‘l ‘I-‘z
61. Tiép diém : 8 bl cot’ @) |.
gtana  2g

63.c)m<-3hoac-3<m<0.
64 a)a=-2:;bh=-3.
65.b) m < 4 - 26 hodc m >4+ 26 ;

c) Phian chlia dutng thang y = 5x—2, véi

6 Vo

X I—T, X > 1+T 66-02—6; h:%-

67.1° a) T(x) = 0.0001x* + 0,2x + 10000 :
10000

X

b) M(x)= 0,0001x + +0,2; x =10000

(cuén) ; 2°.b) 573 < x < 17427 ; ¢) 9000 (cuén) ;

1 ’ Vv #417
71 tri¢u déng. 70. r = J— ; h = J—
2T T

71. D6 dai hai canh con lai déu 1a Scm.
73.a) p<0.74.b) y=-3x+1 ;c) m > -3.

TS5.b)m=9, m = %

78. b) Giao diém cta (P) va (H ) 1aA(0; 1) ;

220

c) Trén (— ; —1) va (0 ; +o0), [:EJ?) nam phia trén
(H) ; tren (-1 ; 0), (P) nam phia dusi (H).

80. (B) 81.(C) 82. (D) 83.(D) 84. (A) 85.(C)
86. (B) 87.(A) 88.(C) 89.(D) 90.(B) 91.(C)
92. (A) 93. (D)9%4. (B) 95. (©) 96. (B)
97.(D) 98.(A) 99.(C) 100. (D).

CHUONG II

1. a) Sai ; b) Pang ; c) Sai ; d) Sai.

2. PicukienC. 3.2 ; 36 ; E : E

16 5

4 a) —E - b) M;c”,ll 12 ; d) 10.
27 16

S5.a)ab ;b)2a.

6.a)%/§>ﬁ;b}\/§+%/ﬁ>%_3;
c) 7 + 15 < V10 +328.

7.HD : T+ 542 = (1 £42).
8.a) b ;b) 23fab ;o) 1:d) Va .

10. a) HD : 4+ 243 = (3 1) :

b) QiJs_:Fi‘ET.

2

5
11. a) (-\@)_F = 3’3—1£; b) 3600 . 5400

3

= 3
o) [%] "o . d) 7 4% 12, Didu

kien B. 13. Diéu kién C. 14 Dicukién0<a < 1.
1

15. T3 :4:3.16.a ; a. 17. = 21,59 triéu dong
24 o
18. a) P - b) [i] re [—j -d) a”.
b 3
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19.a) @ :b) a’: c)i-d)
L] L ﬂrﬁ_.‘lﬁ!

?

- i
e

20. a) Khia = 1 thi =0 ; khia =1thi a

tuyy; b)-3<a<3 2l.a)x=1;b)x=

va x = 16.

x>0

22.a) |x]l < ﬂv@: b) x EIIT;C)
| | _\'-::—]\UE:

d) v < 3f5 . 23. Khang dinh d).
24. a) Sai ; b) Pung ; ¢) Sai ; d) Sai.

25.a) log, x +log, vy ;a>0,a%1,

x>0,y>0;b) log,= :a>0,a% 1, x>0,
¥
y>0:c) alog, x ;a>0,a%1, x>0

d)b,u>0,az1,b>0.

26.a)a>1:b)0<a<1.
1 3 .
27.1;4:0;-2; —; ——.28.-3;1:;3;-2.
3 2

1

29,18 32; 5;32.30. ax=625:b)x=-3;

c)x=23;d)x=55.31.165; 1.29 ; 0,13 ;

1

-0.42. 32. ﬂ)% :b)-2:¢) 5 d) 3.

logg 0.99
7 °B6

33.a) log; 4 > mg_,% ;b) 38ebt 5

34 .a) log2+log3 > log) ;
b) logl2 - log5 < log7 ;
c) 3log2 + log3 < 2log) ;
d) 1+2log3 > log27.
35.a)8:b) 11,

36.

a) x = a'h’ - b) x = a’ b3,

2) 2a+ 28 2: b) dar +—-

73
2 2

1

38. a)0:b) logl8/2 ;

c) 23]032—%]033 2 d) Icg%.

1

.4 BB =T =5

40. My, co 10 chi s6 ; M, co 39 chii s6 ;
Mi398560 €06 420921 chii s6.

41. 4 nam 2 quy. 42. Sai ttr In(2e) = Ine + Ine.
43. 2a + 3b ;4a - 2h ; 2b — 2a ; -2a - 2b.

45. 900 con ; 3 gi0 9 phut.

46. = 82 235 nam.

47.a)a ~ 863 188 841.4 ; b)= 52.5 mmHg.

48.2) 3¢’:b)-3.49.2) v = (2v — 1)e™ :
Z_r[(_r + et + l]

b) y' =

|

gy = %(e"' + f:"‘) ;d)y = —(c"' — c"‘) ;

50. a) Bong bién : b) Nghich bién.

52. Ta cé6 bang sau

_ ] do lon
STT| Loai am thanh E (L)
1 | Ngudng nghe 1 0dB
2 | Nhac ém diu 4000 | 36 dB
3 . it r
l‘tThf_lc manh phat ra 6,8><]08 28 dB
tu loa
-4 Tu;:ng may bay 2,3><lﬂ|2 (24 dB
phan luc
5 | Ngudng dau tai 10" |130dB
53.a)3:b) 0.
54, a)yV' = 3In’y + 2L 2w :
X
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_x'ln_rz 2 1‘2 + 1
—_—t

b) v'= -
4 5.4 &
c)y = In : | :
i x+1 x+1
2 In(x> + 1
¥ B s - ;
X+ 1 X

55. a) Nghich bién ; b) Pong bién.
57. (C))1adé thihamsé y= x? ;

|

(Cy)1adéthihams6 y=x 2 ;

58.2)y' =2nQ2x+ 1) 'ib)y'=
2x° ’1 + X
C:l _1'.-': i = 3 {3 :
1 —x 1l —x
; i % h oy h
o (i
' h & X

59. a)= 091 ;b)=-2,61.

6l.a)0<x<1:;b)2<x <8.

62.a) v =0 ;b)x > 2.

1 i
63.a}.r=—5.(£¢'.='_‘[‘:2— \/?: ={2+J§) ];

byx e {0:3}:e)x=1;d)x=0.
64.2) v |-1; 2} . b)x=2. 65.a) k=33 ;

a= 1,096 ; b)d= 25,119logF — 43,312.
c)

F |53]160 |80 (100 [120 (140 (160

d |0 [1.35]4.49]6,93]18.91 10,6012

66. a) x=2;b)x=06.

67. a)x = L “B)x =10

B

68.a)5=1{2;log;2-1}:b)x=0.

220

69.2)§=1{10: W};b)3={z;L}:

16
N R

70. a) x = log, (1033 4) ;b)x = 3 :
3

0) 8 =12;~(1 +logs2)} ;d) s = {57 : ¥5} .

Haayx =1 D=2

72. a) § = §(2;18) ; (18;2)} ;

b) (x ;%) = ll 73 x:w=(0=2:7);
G pyies 50 | - - a)(x; )= A

b) (x: ¥) = [%;%].74.3)_{=—1 Y e

eyx= 100 yd)x=0,
75.a) § = {log;28 ; log382 — 4} ;

b) § = {% } ) B2 ol kg

b)x =e 2:c)S = {2:16) :d)S={2 ';2}.

77. 8) x= g+k:n: by x=+ %+kn.(§pﬁf ¥
Dit £=47°* 78 a)x=-1;b)x=2.

79.a) (x;»)=(-2:;0):b) (x:y)=(2:)).
_ 3
80.a)x<05:b)x> ="

1 | 2
8l.a) — <x<2:b)—<x<—:
3)3 X - )5 X S

ey S =11 :2Y i3 : 4] :d}% i ol i

83a)5= (—5:-2)ud:5) :
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b)§ = {%:1]:84.21);}{(;;b)pbq:c)p}q:

d)g > p. 85. Huong dan :
l+ %(2-" ™ e )2 - %(2-‘ =B )2 .

173
86.2)2'" = 1024 : b) R

87. Huong dan :

Jlng; 2.logy4 < %(1033 2+ log;4).

90. S pup = ~2,081. 9L a)a>1:

In’?2

b)0<a<l:c)a>]1:d)0<ua<]l.

92. = 3574 (nam). 93.a)x =10 ; b)x =-2 ;

e)r= L3sdix e {=1a:=1}.

1
94. a) x € {—;2} b= 1 ase) a=nls s

16
dY =3 9Bex—1;

96.a) (x; v)=(6:2):b) (x;v)=(312;1).
|
97. a) [[};E]u[ﬁ;ﬁrm) :

b) (-0 ;0] W [loggd ; 1); ¢) (4; +m).

98. (C) 99. (D). 100 (B). 101. (B).
102.(C) 103.(C) 104. (D)
105. (C). 106. (D) 107.(A)
108. (B) 109.(C) 110.(B).
CHUONG III
rz - 51‘2
1. a) _1'3+'T+(' ;b)?—T—k?.t—k(.’;
1 ¥ x L
———— =4 C ;d) =x3 +(
AP R ) 5%
10> -
C.2.a) =x? +=x? +(
) 3110 B) gET g2 e

b) ZJ;—L+(' 1C) 2x —=sm2x +C ;
X

T

X sindx
d) =+
) 2

+C .3(C). 4bingvi —vx lamét

I
nguyén ham ctia fix). 5. a) —6(1 - )2 :

3

b) %Jir +4 +C ;c) —%(l — ) O

2

l-FJ:

6. a) —2_rcos'—; + 45'111'—; +C

d) —

o

b) x2 sinx + 2xcos x — 2sinx + C :
4

. . | X
c) xe' —e' +C :d) 1_1'4 In(2x) — ;_6 +iC

3
7. a) —%q? —3x2)2 + . HD : Déi bién

u=7-3x:;b) %sin{h e Y
" |
HD :Doibén u = 3x+ 4 ;c) Etan(?u‘ +2)+C.

1 ! 5
HD : Déibién u = 3x +2 : d) Esinb G]Hf .

HD :Déibién u = sin'—;-

3 36 43
Sa)| —-1 -I-{'.HD.'Déibiéhu:'——l;
18 J 18
2[1\
51N —_)
b L
) 2

HD :Doibién u = sin[lj :

X

e) e (x> =3x2 +6x-6)+C :

d) %{-\/3_1 — 9 ¥ _ B9y 4

HD :Déibién u = fJ3_r el
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9. a) 23.a)-3;b) 3.

8
EIE sin2yx + %_rcns 2X — %sin 2x +C; 24, a) & i D DERiER i 2
2 > - 1 In3
3 S S O - a2 3
b)3\ In x 5 +{,c)53m X +C b)I:quchf:(m;)-
0
ks 2 ! = O
d) Esmx +C .10.a)21 :b)235;c) T D = Dii it g= Tnx ;
; 1
Y19 -y 1 = 7
11.a) 10:b)—-12:¢)-2:d) 16. C}I:IE”E d”:?

12. 4. 14. a) %— 1;b) 1280 m.

HD :Déibién u = 1+ x°

4300 625
15, ——m. 16. b) — = 63,78 (m). ) &
3 9.8 d) I = J.Ee” du = :

9

17. a) 2oz - 1) .HD :Déibién u=x+1:
3 HD : Déibién u = 31> .e) In2.

1
b) —. HD : Déibién u = tanx ; ] In2 an
2 251: ﬂ.} E_— = I (
8 4 ;

c) i—z.HD :Déibitn u=1+1¢"
2

1 BD Dt = 0 — )5 6) ET— 9,

d) 5 <HD': Déibién u = 4+ x°

2 1
- 2 B Qe
)4, HD :Dibidh w=1+a%: gy i J.ui du ZE{Z-\.E—I}. HD : Poi bién
I
1 ; ;
f) —.HD : Doibién u = 1 - cos3x. Jat 7 3
6 et ey L g B,
9 6 2
32 i) | + e
18.a) —In2—-— :b)e;c) - 3
2 3 7 P eie) =~ 2.0y E i b) s c)ﬂ .3.1)5- b)9;
2 12
dy -1
5 ¢) 44,29, 18 302«/531—3737:
3
n 8] 3 16 |
19.2)7 = [~udu = 243 ;b) = . 2%.348) i b) = ¢) —. 35 &) 4= :
_[ 3 33. 2n 34.21)6,b} IS’C)?: 353}42,
1 ) 17 22 32n (T + 2)
HD :a) Doibién u = +* + 2t. b) —;c) —.36.8.37. — .38, ——
4 3 5 8
9 .1 5 39. w(e — 2).
Zﬂ.a)I:IE 4d 4_1;b}i.
4 3 y 2
1 40. 2w.41.a) x +—+C ;

X
HD :a) Déibién u = 5— 4cost. ; ’

21.(B)  22.a)HD :Déibién u =1-x. b) 4x? — %_J +C :c) —%cns(_ﬁ LI
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3

HD :Déibignu = x” +1: d) 1

HD -P6ibién u = cos(2x + 1) .

42. a) —sin[l_ — 1] + (.

X

; |
HD :Déibitn u=—-1:
X

(x*+1)°

b
) 16

I L+C:d)efix? =2x+D+C.
(In:a‘)2

F
2

43.a) -e (x+ 1D+ C ;b)
HD -D6ibién u = Inx .

32 1)}
4. Fx) = %

125
b)9:c)-2:d)-6.48. Tm. 49. 24 m/s.

2 3
T 1 e —1 0
5“-&} ?—E,b}g,'ﬂ} 5 .51-&}5,
56 9
b) —.52.a)9:b) —.53. 4n.
)15 a) 9 )4 3. 4n
32n

54. 3n . 55. m. 56. 3. 57. a) 87 ; b) =

4

58. me’ 59. a) % ;b) —. 60. (B) 61.(B)

Vs
62. (D) 63.(A) 64.(B). 65.(A) 66.(A)

67. (C).

CHUONG IV
34 i[—£+%], i[£+’—]

3 el 16 13
4.1—+E.’ ,_+TI -2 —3i ﬁ—ﬁ."

+C.
2cos(2x+1)

+C. HD :Déibien u = x* +1 :

-3 45.h=1.46.2a)2;

9. a) Pudng tron tam I (biéu dién s6 /) bdn
kinh 1 ; b) Truc thuc ; ¢) Puong trung tric doan
thang néi O véi diém A biéu diénsé 3 +4i.

11. Thue ; Ao ; Ao. 12. a) Truc 4o tni diém

g6c ; b) Hop hai dudng phan giic ciia goc gitia
truc thue, truc ao ; ¢) Hop truc thue va truc ao ;

d) Truc ao bé di€m I (bi€u dién s6 7 ).

1 3 8 4
13.8) 1 +2i ; b) —s—desej z0) =i
a) i:;b) 0 lﬂf C)j jr
d)—i,—3i,2 + 3i ; e) 2.
X F _‘.‘1 -1 2x

14. a) : —5i3
x4 Cpi l)2 22 (y-— l‘,i2

b) Truc 4o bé doan thang néi 7, .7 (I biéu dién i, J

biéu dién —i) :

OA" OB' A'B'
16. = == = |z| -
0OA OB AB

17. i%{—l-l—.f} -+ D +i) 42

1445

+2 + 30). 19. a) -

:b)—-1x+2;

c)2i;—1+41.

20.b)3+i. 1 —2i.21. a) ig(l E
b) B = +(3 +1i).

23. a) 112\/5:' - b) g(un o) (1 ++2).
24.a) -1, lizﬁf o B el (R o

c)t(1=i), (1 +i);d) -1, % —_lj‘ﬁf-

25.a)hb=-2,¢c=2:;b)a=-4,h=06,c=—4.

26. b) i[msg— fsingj

£ i%(J2+J5—.i\/2—J’E).

225

baitap365.com



27. a) licz| = Ikl 7. acgumen ciia kz la @néu k> 0

va la @+ mnéu k< 0 (sai khdc 2im, [ € Z).

28.d) sn@+icos@

_CGS[E— j—l—.fsin[E— ]
08| == @ | +i 5 )

29. —2° = —512. 30.2) 1 ++/3i ; b) %wzn.
32. cos4@ = cos’ @—6cos’ gsin’ @+sin’ @ ;
sindg = 4(cos’ @sin @ — cos qu'.'ain3 @).

o !

6 .
3-3!- _2 . 2“][]2 .

34. n 1a boi nguyén duong cha 3, khong co m.

35.a) 3[cns%+rﬂin%j 2
L 1
‘JE)T cos— +isin—
3 8

va J_[Cns“—n+ rsin%].

b) l[CGSE-i-.fSiIlE] : £ CGSE+fSiIIE
3 3 2 3 4 4

va \E co 5.5 -I—.fsinjﬂ:
4 4

3
36. a) [ccs j+.=:~.1n[ E]J :
T %
cos—
J
b) 1 [ ?:n:+_ _ ?:n:j
30 | o8- Hisin—|.
cos—-

. @ ¢ m), .. (@ =
c) 2sin > [003[2 2] +Fhln[2 2)}

o o P
neu sm; =0 :

(2s0g) (5 +5)esm($+3)]
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néu sinE < 0.
2

23 _ 63
37.a) 46 va—-9 ; b)gva T

c) v=0hoac x=1.

—~1+X 4+3¥
2 7 47

39.a)3i;—i;b)

£) LR Bk

i foid3
548,

4

40. b)
41.2) 8(3 +1) = 16[cos%+fsmg.

T =T
b) 4[C0:>E+imnﬁj. 43. (C) 44 (A)
45. (A) 46. (B) 47. (B) 48. (A) 49. (B)
50. (C) 51. (A) 52.(B) 53. (B) 54 (B).
ON TAP CUOI NAM

2.8 AL B33 #L36.

4. 5 may.
. 1 2
5. max f(x)=—=; min f(x)=—-
vel0:1] Jo T velo:n 5
6.2)1:b)A > B.7.b) ﬂ
8. a) _‘I.'I _ eitan_t[ 2 _ Siﬂ.l’] ; _‘I.‘I _ Cﬂt.-‘{l
COS X
10.a) x = ighﬂ:ﬂ Va X = i%hfm;

v B = {L:Z} i lﬂ_z;

16
]} 1l.a)2<x<3;

a5 {[2

b).s':[—z;l_‘/ﬁ}u{“rmﬁ].

2 2

‘-"‘*I
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(1+ x )4 —3cos X — cos 3x
12.a) ————+C' ;b
ST b) 6

c) ln|ms_:\'| + x tany + (.

13. f(x) = 4x - 2sin [Z_r + %j 49,

T
14. a) it HD : Déi bi€n x = tant :

b) ——. HD : Déibicnr= 2L . 5ye-2.
33 N
8 243 m(e? - 1) T
15.0) 5 5b) == 16.2) ——;b) =
%7

17. 21 ;3 —i; 1 +4i ;-1 +3 =5

18354508 B54 =) 165 ad) ‘”_2"5

20. Hinh tron tAm A ban kinh 4 ( A biéu dién s6
3+ :‘Jg ).

20 +(1 +30) : 22 +1) : H(2 = D).

]
™

.a) 1+i, 2—i ;b) cosg, ising.

i
«.—064 7
« (A)25.(C) 26.(B) 27. (B) 28.(C) 29. (D)
30. (C) 31. (C) 32.(B) 33.(A) 34. (D) 35. (A)
36. (A) 37. (C) 38. (B).

2

»
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Chuong 1.

§1
§2
§3
§4
§5
$6
N
$8

MUC LUC

. Tinh don diéu cia ham s6

. Cuc tri ctia ham sé

. Gia tri 16n nhat va gid tri nhé nhét cua ham s6

. D6 thi ctia ham s6 va phép tinh ti€n hé toa do

. Duong tiém cin cua dé thi ham s6

. Khao sat su bi€n thién va vé& d6 thi ciia mot s6 ham da thiic

. Khao sdt su bién thién va v& d6 thi ctia mot s6 ham phén thifc hiru ti

. Mot s6 bai todn thudng gap vé doé thi

Cau hoi va bai tap 6n tap chuong I

Chuwong 1. HAM SO LUY THUA, HAM SO MU VA HAM SO LOGARIT

§1

§2.
$3.
$4.
$5.
$6.
§7.
$8.
$9.

. Luy thira v&i s6 mii hitu ti
Luy thira v&i s6 mi thuc
Logarit

S6 e va logarit tu nhién

Ham s6 mii va ham s6 16garit
Ham s6 luy thira

Phuong trinh miti va logarit
Hé phuong trinh mi va l6garit

Bat phuong trinh mii va l6garit

Cau hoi va bai tap 6n tap chuong II
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Trang

UNG DUNG DAO HAM BE KHAO SAT VA VE DO THI CUA HAM SO

A
10
17
24
28
37
45

51
01

69
78
82
94
101
114
118
125
128
130



Chuong III. NGUYEN HAM, TICH PHAN VA UNG DUNG

$1. Nguyén ham 136
§2. Mot s6 phuong phap tim nguyén ham 142
$3. Tich phan 146
§4. Mot s6 phirong phap tinh tich phan 158
§5. Ung dung tich phan dé tinh dién tich hinh phang 162
86. Ung dung tich phan dé tinh thé tich vat thé 168
Cau hoi va bai tap 6n tap chuong III 175
Chitong IV. SO PHUC
§1. S6 phiic 181
§2. Can béc hai ctia s6 phitc va phuong trinh bac hai 192
§3. Dang luong giic cna s6 phiic va ing dung 200
Cau hoi va bai tap on tap chuong IV 208
Cau hoi va bai tap 6n tap cudi nam 211
Huéng dan giai, dap so6 cac bai tap 218
Bang tra ctu thuit ngit 228
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